Intersecting brane landscape by Rosenhaus, Vladimir
Intersecting Brane Landscape
by
Vladimir Rosenhaus
Submitted to the Department of Physics
in partial fulfillment of the requirements for the degree of
Bachelor of Science in Physics
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2009
© Vladimir Rosenhaus, MMIX. All rights reserved.
The author hereby grants to MIT permission to reproduce and
distribute publicly paper and electronic copies of this thesis document
in whole or in part.
Author.
Department of Physics
May 8, 2009
/4
Certified by....
Washington Taylor
Professor
Thesis Supervisor
Accepted by
David Pritchard
Physics Thesis Coordinator
ARCHIVES
MASSACHUSETTS INSTITUTE
OF TECHNOLOGY
JUL 0 7 2009
LIBRARIES

Intersecting Brane Landscape
by
Vladimir Rosenhaus
Submitted to the Department of Physics
on May 8, 2009, in partial fulfillment of the
requirements for the degree of
Bachelor of Science in Physics
Abstract
This thesis studies intersecting brane models, which are a class of quasi-realistic com-
pactifications of string theory. Techniques are developed for exploring the complete
space of intersecting brane models on an orientifold. The classification of all solutions
for the widely-studied T 6/Z 2 x Z2 orientifold is made possible by computing all com-
binations of branes with negative tadpole contributions. This provides the necessary
information to systematically and efficiently identify all models in this class with spe-
cific characteristics. In particular, all ways in which a desired group G can be realized
by a system of intersecting branes (either as a subgroup or as the full gauge group)
can be enumerated in polynomial time. For this orientifold we identify all distinct
brane realizations of the gauge groups SU(3) x SU(2) and SU(3) x SU(2) x U(1)
which can be embedded in any model which is compatible with the tadpole and SUSY
constraints. We compute the distribution of the number of generations of "quarks"
and find that 3 is neither suppressed nor particularly enhanced. The overall distri-
bution of models is found to have a long tail. This tail in the distribution contains
much of the diversity of low-energy physics structure. The tools developed in this
thesis can be used to systematically explore the properties of a large class of string
vacua, looking for patterns and correlations which may help in relating string theory
to observed particle physics.
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Chapter 1
Introduction
In this thesis we try to understand a class of string compactification. The tools we
develop are useful for model building as well as for making more general landscape
statements. In this introduction we discuss the cosmological constant as motivation
for the landscape viewpoint and the basic ideas of intersecting brane models.
1.1 Landscape
1.1.1 Cosmological Constant
The universe has some vacuum energy - the energy that would remain even in the
absence of any matter. This is the cosmological constant, A. A positive and large A
would cause the matter to rapidly move apart. A negative A would cause all matter
to start moving toward each other and the universe would eventually collapse. The
energy scale at which gravitational effects begin to dominate is the Planck scale,
Mpl - 1019 GeV. One can therefore naturally expect that A should be on the order
of the Planck scale, A M'4 1. However, a A this high has always been wildly
inconsistent with observation. For many years the thinking was that some symmetry
will be discovered which would give a A = 0.
In 1987 Weinberg [1] did an estimate of what value of A is necessary for galaxies
'The reasoning is that there will be radiative corrections to any value of A and these will be on
the order of M4.
to be able to form. The reasoning was that if A is too large then the expansion of
the universe will be too fast for galaxies to have time to form. The upper bound on
A that he found was roughly 10-120 in Planck units. Weinberg then argued that the
A we should observe should be close to this upper bound. Basically the idea is that
regardless of what the a priori distribution of A is, in a narrow region of such a small
energy, the distribution is approximately flat.
In the following decade more precise measurements of A were made and it was
found to be within several orders of magnitude of Weinberg's bound.2 Explaining the
unnatural smallness of A has become known as the cosmological constant problem.
It would take extreme fine tuning for us to have a A that is so small and a universe
so sensitive to deviations in A. In the absence of some dynamical explanation in the
context of the standard physics we know, we are left with the last resort explanation
that A is anthropically selected: a A too different from the one needed for galaxies
to form, and we wouldn't be here to ask these questions. However, this anthropic
explanation relies crucially on the possibility of having many universes (or regions in
a single universe) with different values of A.
It now seems probable that string theory gives us this enormous number of vacua,
each having a different A. Eternal cosmological inflation then provides a mechanism
for populating the landscape by producing regions of space-time with each vacuum.
This string landscape is what we turn to next.
1.1.2 String Landscape
In string theory there are 10 space-time dimensions (11 for M-theory). Since in the
low-energy limit we only observe 4 dimensions, the other 6 need to be compactified.
These dimensions are curled up in shapes known as Calabi -Yau manifolds , the
simplest of which is the torus. There are an enormous number of different ways to
compactify, resulting in different low energy physics. A review of compactification
can be found in, for example, [44].
2In fact, what has been measured is the dark energy, and the simplest explanation for dark energy
is that it is a cosmological constant.
Figure 1-1: A visualization of the landscape, showing part of the effective potential.
The idea of extra dimensions is an old one, and was used by Kaluza and Klein
to try to unify gravity and electromagnetism. In Kaluza-Klein theory there are 5
dimensions, with the 5th one curled up in a small circle and hence invisible to us. In
this construction we have a choice of what radius R to take for the circle. Without
matching the 4 dimensional effective theory to experiment, we have no reason to
prefer one value of R to another. All the possible values of R are the moduli space.
Since the value of R can be different at different points in space, what we really have
is a massless scalar field associated with the modulus.
In the case of compactification over a Calabi-Yau manifold the idea is similar.
There is a large moduli space specifying the geometry which is in correspondence
with the massless scalar moduli fields. When supersymmetry is broken, there can be
vacua assoicated with local minima without moduli. The space of all these vacua is
the string theory landscape [3]. The image that we have is of a complicated effective
potential V((DI) that depends on the moduli fields (Di. The local minima of V(Ii) are
the vacua, one of which is ours. This image of the landscape is illustrated in Figure
1-1.
The landscape is believed to be enormous. String theorists found that there are
enough vacua so that it is statistically likely to have one with A ~ 10- 120. Kachru,
Kallosh, Linde and Trivedi [5] found an example of one with a small positive cosmo-
logical constant. Many theorists now consider it likely there is nothing in string theory
which forces a zero cosmological constant, and that it is likely all non-supersymmetric
vacua have finite A [3]. The standard estimate given for the number of vacua coming
from flux compactification is around 10500 (this come from a particular class of string
theory compactification), however it is known that the true number is in fact much
larger [3]. With such a large landscape the anthropic argument for the smallness of
our cosmological constant begins to gain credibility.
Furthermore, it seems possible in the context of inflationary cosmology, using
arguments completely independent of string theory, that our universe is just one of a
huge multiverse [6]. Eternal inflation leads to an infinite number of pocket universes
nucleating within one another. The mechanism is by tunneling processes from one
vacuum to another. This can be visualized as movement between the minima of the
effective potential illustrated in Figure 1-1.
1.1.3 Understanding the Landscape
If we are to make predictions then it is necessary to get some sort of handle on the
landscape. Finding all the vacua is obviously not feasible. However, we can look at
patches of the landscape and try to make statements about them: what correlations
are present, which features are more likely, which are forbidden, etc... Having a strong
understanding of a corner of the landscape would greatly enhance our ability to make
statements which may be valid for the whole landscape. In this thesis we will be
doing just that - finding all vacua in a specific region of the landscape and seeing
what kind of statements can be made.
1.2 Intersecting Brane Models
The method of compactification we will be using is through Intersecting Brane Models
(IBM) [8], which we briefly describe here. Dp-branes are a class of extended objects
of p dimensions upon which open strings end. N parallel branes (a stack) gives rise to
a U(N) gauge group through quantum fluctuation of strings attached to the branes.
D6-branes can be wrapped around a space-time and 3 dimensions of a 6 dimensional
Figure 1-2: A string stretching between two stacks of branes.
Calabi-Yau manifold. The intersection points then live in 4 dimensional space-time.
Strings stretch between the branes, giving rise to particles at the intersection points.
The number of times and ways in which the branes intersect determines the particle
content.
Intersecting Brane Models have been studied for many years as a simple class
of string theory constructions giving rise to low-energy physics theories containing
a number of desirable features. In particular, these models give rise to low-energy
4-dimensional gauge theories with chiral fermions, and have been shown to include su-
persymmetric models with quasi-realistic phenomenology. For reviews of the subject
of intersecting brane models, see [9, 10, 11, 12, 13].
1.3 Landscape of Intersecting Brane Models
In the beginning of this chapter we discussed the cosmological constant problem.
Although we will never directly deal with this question here, it can be viewed as the
motivation for much of landscape work. Having a map of the landscape, or even a
small part of it, would enable us to see what vacua are possible and how likely they
are. It seems possible that some of the constants in the standard model can only be
explained through environmental selection. We would like to know parameters may
be environmentally determined and which ones porbably are not.
Confronted with the vast landscape of string theory we must decide how to pro-
ceed. In the context of intersecting brane models, a possible approach is to try to
construct an IBM with as many of the phenomenological features of the standard
model as possible. If we had the correct IBM for our world then this would allow us
to make predictions regarding what new physics should be observed. This approach
is known as model building (or the bottom up approach). Although it seems unlikely
we will be able to find through trial and error an IBM which matches exactly with all
parameters in the standard model, through model building we can learn about what
possibilities exist and the physics behind constructing realistic models. In addition,
model building gives inspiration to ideas of physics beyond the standard model.
We will for the most part use a different approach - the top-down approach.
One of the goals of this thesis is to pereform a systematic search which will give all
IBMs with standard model features. This will then allow us to make correspondence
with the bottom up approach. Rather than trying to find the exact model with
our observed physics, we look at all models containing certain features. We ask the
following question: looking at a certain patch of the landscape, what physics can
we get? Is there something in string theory that restricts the allowed models? For
instance, we know that in the standard model there are three generations of leptons:
the electron, muon, and tau. All three of these have the exact same properties
(apart from mass). The obvious question is: why three? A possible answer might
be that there is something which restricts the branes to wrap in such way so as to
give preference to an intersection number of three. By looking at a patch of the
landscape we might also hope to see if there are any correlations. Is there a strong
correlation between having 3 generations of quarks and 3 generations of leptons? Less
optimistically, perhaps there are generic features which are present in most IBMs. For
instance, we could potentially make statements such as that the majority of IBMs
that contain an SU(3) x SU(2) x U(1) gauge group also have such and such hidden
sectors [15].
The top-down and bottom-up approaches are complementary. With bottom-up
methods we know what we are looking for as we are guided by phenomenological
data. However, we are unable to say to what extent what we find is generic or ex-
pected. In the top-down approach we are guided by the geometrical properties of the
compactification space, but we are overwhelmed by enormous number of possibilities.
In this thesis, our goal is not only to make landscape statements. To a large
extent, it is about tool building. We need to develop methods to completely analyze
the space of solutions. This will enable us to eventually both make robust statistical
statements and provide ways to effectively build models with desired features.
1.4 Outline
In this thesis we carry out a detailed analysis of a well-studied class of string compact-
ifications, namely intersecting brane models on the toroidal T 6/Z 2 x Z2 orientifold
[16]. Most of the work in this thesis (starting from chapter 4) will appear in [17].
The models studied here are computationally very simple, and have been explored
extensively. Supersymmetric models have been found in this class with 3 generations
of matter in a standard model-like structure [18, 19, 20, 21, 22, 23].
The mathematical structure of the vacuum classification problem for intersecting
brane models is similar in many ways to that of other string vacuum constructions,
such as flux compactifications in type IIB string theory. In all these cases, supersym-
metry conditions imply a positive-definite constraint on the topological degrees of
freedom encoding the vacuum configuration (i. e. brane windings or fluxes). Topolog-
ical constraints give a limit to the total tadpole contribution from these combinatorial
degrees of freedom, so that the mathematical problem of classifying vacua becomes
one of solving a partition problem.
For the intersecting brane models we consider here, this partition problem is com-
plicated by the fact that configurations are allowed in which some tadpoles become
negative. These branes with negative tadpoles make even a proof of finiteness of vac-
uum solutions rather nontrivial. Early work on IBM's on the T'/Z 2 x Z2 orientifold
focused on solutions with certain physical properties. Some systematic analysis of
models looking for solutions with standard-model like properties was done in [23].
A systematic computer search through the space of all solutions was carried out
in [24, 25]. In 45 years of computer time (using clusters), 1.66 x 10 models were
scanned. The results of this analysis suggested that the gauge group and number of
generations of various matter fields were essentially independently and fairly broadly
distributed, without constraints (up to some upper bounds) in the space of available
models, and estimates were given for the frequency of occurrence of various physical
features in the models. In [15], the role of branes with negative tadpole contributions
("A-branes")3 was systematically analyzed. It was proven there that the total num-
ber of supersymmetric IBM vacuum solutions in this model is finite. Further evidence
was given for the broad and independent distributions of gauge group components
and numbers of matter fields. Furthermore, analytic tools and estimates were given
for numbers of brane configurations with certain properties.
In this thesis we complete the program of analysis begun in [15]. We system-
atically analyze the possible configurations of negative-tadpole A-branes which can
arise in models of this type. We develop polynomial time algorithms for classifying
all A-brane configurations, and numerically determine that there are precisely 99,479
such configurations. For each of these A-brane configurations, the distribution of re-
maining branes is given by a partition problem with all branes contributing positive
amounts to all tadpoles, so the complete range of models with any desired properties
can be carried out in a straightforward fashion given the data on A-brane combi-
nations. This is a prototype for other classes of models, such as magnetized brane
models on Calabi-Yau manifolds, which may present similar challenges for analyzing
vacua due to negative tadpole contributions.
The results of this thesis enable us to systematically analyze all IBM models on
3 Such branes were referred to as "NZ" branes in [23], and "type IV" branes in [36]; we will follow
the notation of [15] here, and apologize for confusion due to the variety of prior conventions in the
literature.
the orbifold of interest with specific physical features. In particular, it is possible
to efficiently classify all ways in which a particular gauge group G can appear as a
subgroup of the full gauge group. We carry out this analysis for the gauge subgroup
G = SU(3) x SU(2), and find 218,379 distinct ways in which this group G can be
realized as a subgroup of the gauge group. These constructions can be extended to
roughly 16.4 million distinct realizations of SU(3) x SU(2) x U(1), which we have also
enumerated. We look at the number of generations of "quarks" in the (3, 2) repre-
sentation of the gauge group, and find that this generation number generally ranges
from 1 to about 0(10), is peaked at 1 and ranges out to 100 or so, with no partic-
ular suppression or enhancement of 3 generations relative to other odd generation
numbers.
It is interesting to compare the results of our analysis with those of Gmeiner, Blu-
menhagen, Honecker, Liist and Weigand [25]. Those authors carried out a computer
scan through models by looking at configurations with small values of toroidal moduli
(converted to integers). Their program generated a large class of models arising from
constructing all possible combinations of the set of branes compatible with each fixed
set of small moduli. While there are many more models for a typical set of small
moduli than a typical set of large moduli, we find that the full distribution of models
has a very long tail. There are many configurations, particularly those with one or
more A-branes, which have large values of the (integer-converted) moduli. For these
larger moduli, the number of combinatorial possibilities for models is smaller than for
small moduli. Nonetheless, there are many distinct moduli for which some models
are possible, and the configurations of branes in the tail have a wider range of vari-
ability. For example, most of the SU(3) x SU(2) models we have found lie outside the
range of moduli scanned in [25]. The long tail of the distribution and the increased
diversity of configurations in the tail explain how it is that the computer search by
Gmeiner et al. may have covered the region of moduli space with the highest density
of total models, and nonetheless did not encounter over 99% of the possible ways in
which a SU(3) x SU(2) x U(1) gauge subgroup can be constructed. In general, we
expect the wider diversity of models in the tail to lead to a greater probability of
generating models with properties of specific physical interest. So, the answer to a
question about "generic" properties of a typical model will depend crucially on how
the question is posed. For example if we sample all IBM models which saturate the
tadpole conditions and ask for generic properties of random models with given gauge
subgroup G, we may get a very different answer than if we sample all distinct ways
in which the gauge subgroup G can be realized, independent of the number of other
components which can be included in the gauge group through extra branes. Our
results suggest in particular that models with a desired gauge group and specific other
features (like a particular generation number, no chiral exotic fields, etc.) may be
more likely to be found in the "tail" of the distribution than in the "bulk".
The structure of this thesis is as follows. In Chapter 2 we review the relevant
aspects of D-branes. In Chapter 3 we discuss intersecting brane models in some
detail. In Chapter 4 we define terminology and notation needed for the analysis of
the rest of the thesis and give a complete analysis of the range of possible A-brane
configurations. In Chapter 5 we demonstrate how all models with a desired gauge
subgroup G can be enumerated in polynomial time, and give the results of such an
enumeration for G = SU(3) x SU(2) and SU(3) x SU(2) x U(1). Chapter 6 contains
a comparison of our results with those of the moduli-based search of [25], and a
discussion of the "tail" of the vacuum distribution. We conclude in Chapter 7 with a
summary and discussion of further related questions.
Chapter 2
D-Branes
D-branes are of fundamental importance to string theory, and will be the building
block from which we construct Intersecting Brane Models. In this chapter we review
the aspects of D-branes that will be used later in Chapter 3 to construct IBMs. Our
notation follows [26] and [27].
2.1 D-branes
A a Dp-brane is a p + 1 dimensional hypersurface onto which open strings attach. We
introduce the spacetime coordinates xP with p = 0, 1, ... , 9. We take a flat and fixed D-
brane. The position of the string is then fixed at the boundary coordinates xP+l, ... , x'
while its z, z 1, ..., zp coordinates can move along the p + 1 dimensional hypersurface.
The string coordinates XP(T, o) are similarly split, with X, X 1 , ..., X P being the p
tangential coordinates and Xp+ 1, Xp + 2 , X...,X the 9 - p normal coordinates. Since
the coordinates normal to the Dp-brane are fixed, xz = :" for 1 = p + 1, ..., 9, and
because the endpoints of open strings must lie on the Dp-brane, the string coordinates
normal to the brane must satisfy Dirichlet boundary conditions
X"(T, U)I =0 = X"((T, ) 1,=, = Cz , P = p + 1, ... , 9.
Figure 2-1: A string with its Chan-Paton degrees of freedom.
This is where the D in D-branes comes from - Dirichlet. The string coordinates
tangential to the D-brane satisfy Neumann boundary conditions
dX" dX
(7, a))l = = (7, a)l,=, = 0, p = 0, 1, .-.-p
2.2 Chan-Paton Factors and Gauge Groups
Having introduced D-branes, we will show how they can potentially be used to re-
produce Standard Model phenomenology. In fact, we begin our discussion assuming
we do not know about D-branes. Instead, we will just think about open strings and
attach non-dynamic degrees of freedom to their endpoints.
We label the two endpoints of an open string by i and j, where i, j can range
from 1 to N. These are called Chan-Paton labels. Thus, the string is now described
by its momentum k and by i and j, enabling us to write the string wavefunction as
[k; i, j). With the discovery of D-branes, we now understand that the label i on the
left end of the string is really specifying that the left end of the string is attaching to
brane i ( there are N parallel branes to choose from), and right end is attaching to
brane j. Thus, Ik; i, j) indicates that a string is stretching between branes i and j.
So, if there are a total of N branes, then there are N2 choices of between which two
branes a string can stretch. The size of U(N) is precisely N 2 . In this way, a stack of
N branes is giving a U(N) gauge group. The N 2 sectors give N 2 interacting massless
gauge fields.
A simple example, trying to produce the electroweak SU(2) x U(1), is described in
[28]. We take a stack of 2 D3-branes. This gives a U(2) theory with 22 = 4 massless
gauge fields. If we separate the branes, then the gauge fields arising from the stretched
strings acquire mass. With the branes separated, 2 of the gauge fields will be massless
and 2 will be massive. The massless ones come from strings Ik; 1, 1) and 1k; 2, 2) and
the massive ones come from Ik; 1, 2) and k; 2, 1). This U(2) gauge theory that we
have constructed is not quite electroweak theory. In electroweak theory, 1 gauge field
is massless (the photon), while 3 are massive (the W + , W-, and Zo bosons). We will
see later in the context of IBMs how to produce U(1) x SU(2).
2.3 D-brane Charge
D-branes have a number of properties which are similar to what we we know from
classical physics. Let us recall standard electromagnetism. A point particle couples
to a Maxwell field and thus has an electric charge. The particle path is x"(T) and the
Maxwell field (the potential) is AA(x"(7r)). The coupling is
dx( dT
q A,(x(-r)) dr."
Recall also that the electromagnetic field F, is given by
F,, = OA, - adA, = a[,A,1
and satisfies the equation a[,FvA] = 0. With D-branes we have a similar situation. A
Dp-brane couples to the Ramond-Ramond (R-R) potential A ( P+),,,. An R-R field
F n is associated with the R-R potential A- ._, (x) which is an antisymmetric
p-form field in space-time.
F n = ..1 .An]
and the R-R field satisfies
8[,F n...,.] = 0.
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The coupling between the Dp-branes and the R-R potential is analogous to the elec-
tromagnetic coupling
OX.I P+ 1 A(p+l)
q fdP+1 ,VO . ,1...(+1)
Here q is now the R-R charge resulting from the presence of the R-R potential and
( are the world-sheet coordinates.
2.3.1 Gauss's law
In electromagnetism, a single charged particle satisfies Gauss's law by having flux
lines which are allowed to escape to infinity. However, if we place an electron on a
closed manifold such as a sphere, then the flux lines have nowhere to go. We are
forced to introduce a positively charged particle on the other end of the sphere.
In the context of D-branes there is an equivalent of Gauss's law. In our IBMs
we will be wrapping branes around a torus. We are therefore required to have a
total of zero charge. Since D-branes have positive charge, we will also need objects
with negative charge. Some such objects are orientifold planes and will be discussed
later. Additionally, we will later derive the tadpole cancellation conditions, which are
simply a statement that the total R-R charge must cancel.
2.4 Supersymmetry and BPS-states
Supersymmetry (SUSY) is a symmetry of the action which transforms between bosons
and fermions. SUSY requires that for each type of boson there exists a corresponding
fermion which is its supersymmetric partner, and vice-versa. The simplest SUSY
theory has one supersymmetry generator, N = 1. There are also extended supersym-
metry models in which there are more SUSY generators and these generally have JA
a power of 2. Since we do not observe the superpartners, SUSY must be broken at
low energies. In the IBMs that we will be constructing we will work in the regime in
which we have n = 1 in our 4d theory.
D-branes come into this picture because D-branes are known to be BPS states. A
BPS state is a state that is invariant under a subalgebra of the full supersymmetry
algebra. A vacuum formed by a Calabi-Yau compactification without D-branes is
invariant under N = 2 supersymmetry, but the state containing a D-brane is invariant
under only M = 1 supersymmetry. The fact that D-branes are BPS states also means
(as we said earlier) that they must carry a conserved charge.
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Chapter 3
Intersecting Brane Models
In order to make correspondence with our observed world, the 10 dimensional string
theory must be compactified down to 4 dimensions. Compactification can occur over
many different Calabi- Yau manifolds, and for each Calabi-Yau there are a potentially
huge number of ways to compactify. One option for compactification that gives a
chiral theory is through intersecting branes. The simplest Calabi-Yau manifold is a
torus, and that is what we will be considering here. The D-branes will wrap around the
torus and the different ways in which they can intersect will determine the properties
of the model. Roughly, each model gives us one vacuum in the landscape. In this
chapter we will discuss the physics of intersecting brane models. The discussion relies
on the properties of D-branes discussed in the previous chapter.
3.1 Intersecting Branes on T6
As a simple example, we will be wrapping the D-branes around a 6-torus, T6 . We
can write T 6 as a product of the standard 2-tori , T6 = T 2 x T 2 x T 2 . We draw T2 as
a square in which opposite sides are identified with orientations as indicated by the
arrows in Figure 3-1.
The fundamental cycles [c] and [P] are shown as horizontal and vertical lines, re-
spectively. A general 1-cycle IT can written as a linear combination of the fundamental
[al
Figure 3-1: A torus is obtained by identifying opposite sides.
Figure 3-2: The winding numbers (2, 1).
I"
cycles,
nI = n[] + m[ ]
where n, m are integers (the winding numbers). We will write the cycle using the
simpler notation (n, m). In order for the cycle to be "primitive", n and m should be
relatively prime. This is because (dn, dm) represents the same cycle as (n, m) and
is described by d branes wrapped on (n, m). An example of the wrapping (2, 1) is
shown in Figure 3-2. The cycle (2, 1) means the line makes a 27r rotation around
the horizontal circle of the torus for every T rotation around the vertical circle of the
torus.
Since we are dealing with T 6 we will have 3-cycles, which are products of 1-cycles,
1- = II 1 x I 2 x 3
where I7i = ni[ai] + mi[/i] and i = 1, 2, 3 represent each of the three T 2 we are
referring to.
3.1.1 Intersection Number
Let us have 2 different lines a and b going around a T 2 with winding numbers (na, ma)
and (nb, mb). The number of times they intersect is given by the intersection number
lab = naMb b ma
For instance, the intersection number of a = (2, 1) and b = (1, 3) is lab = 5. This is
shown in Figure 3-3.
On T 6 the intersection number between 2 branes a and b is simply
3
Iab = (n a mb - n bma). (3.1)
i=l1
The intersection number indicates the number of points at which 2 3-dimensional
cycles intersect on T 6 . It will be important since it will determine the number of
Figure 3-3: Intersection number of a = (2, 1) and b = (1, 3) is lab = 5.
generations.
3.2 A Simple Model
Having established the idea of intersection numbers, we will give an example of an
IBM on T 6 that gives the standard model gauge group SU(3) x SU(2) x U(1) . This
model is taken from [29], where it is described in detail.
3.2.1 U(Na) x U(Nb)
If we have a stack of Na branes and a stack of Nb branes, then a string stretching
from brane a to brane b gives a chiral fermion transforming in the bifundamental
representation (Na, Nb) under the gauge group of the two branes U(Na) x U(Nb). A
string going from brane b to brane a will give a chiral fermion transforming under
(Na, Nb). If the branes a and b intersect multiple times then there will be a chiral
fermion at each intersection. In this way the intersection number determines the
number of generations. The chirality of the fermions is determined by the sign of
the intersection number. A positive intersection number gives left- handed fermions,
while a negative intersection number means the fermions are right-handed. As can
be seen from the (3.1), Iba =--Iab.
We should also mention that if we are dealing with an orientifold then it is possible
to change the string orientation. This amounts to sending all m, winding numbers to
-mi. We will denote the intersection number between a brane a and the orientifold
image of brane b as Iab'. And a string stretching from brane a to b' transforms in
(Na, Nb).
3.2.2 The Standard Model
In the standard model gauge group: SU(3) x SU(2) x U(1) , quarks come in the 3
colors. This gives rise to the SU(3) symmetry. For each color, there are 6 left-handed
and 6 right-handed quarks. The left-handed quarks transform as doublets under the
SU(2). Thus they are grouped as:
L L L
So left-handed quarks transform in the (3,2) representation. Here the 3 in (3,2)
refers to the transformation under SU(3) and the 2 is transformation under SU(2).
Because there are 3 triplets, we will need 3 generations of particles transforming under
(3,2). The right handed quarks transform as singlets under SU(2): UR, dR, CR, SR,
tR, bR, and therefore transform as (3, 1). We see that we will need 6 chiral fermions
transforming under (3, 1). Leptons do not carry color and thus transform as a 1 under
the SU(3). However, left-handed leptons leptons transform as doublets under SU(2)
allowing us to write them as
L L L
Thus we will need 3 chiral fermions transforming under (1, 2). Finally, the right-
handed leptons transform as singlets under SU(2) and we will need 3 chiral fermions
transforming under (1, 1) (in fact, in the model we construct below there are 6 of these
since right-handed neutrinos are introduced as well in order to cancel anomalies).
3.2.3 The IBM contents
In order to obtain the features described above we will take 4 stacks of branes giving
a gauge group of U(3) x U(2) x U(1) x U(1). The U(3) comes from a stack of Na = 3
which we call the baryonic brane, the U(2) is from a stack of Nb = 2 which we call
the left brane, a U(1) if from a stack of Nc = 1 and we call it the right brane, and the
other U(1) is from a stack of Nd = 1 and is the leptonic brane. The reason for our
terminology is fairly clear. For instance, a left-handed quark transforms under the
(3, 2) representation which is consistent with a string stretching from the baryonic
brane to the left brane. We select the intersection numbers between the branes to be
lab 1, lab' = 2
lac = -3, Iac = -3
Ibd = -3, Ibd' = 0
Icd = 3, Icd' = -3.
These intersection numbers give us exactly what we want. Since lab + ab' = 3 we get
3 generations of left-handed quarks. Similarly because the c brane is the right brane,
lac + Iac' = -6, giving the 6 right-handed quarks we wanted. The leptons work out
analogously. A string between the b and the d branes gives a left-handed lepton and
a string between the c and d branes gives a right-handed lepton.
An example of winding numbers that give these intersection number are:
(nm a ), (n , ), (n, a) = (1,0),(2,1),(1,1/2)
(nb 7 ), (n , mb), (nb = (0,-1), (1,0), (1,3/2)
(n, m), (nj, m), (n, m) = (1,3), (1,0), (0,1)
(n d (, m) = (1,0),(0, -1),(1,3/2)
The half integer winding numbers on the m 3 values arise because the third torus
is tilted. We will discuss tilted tori in the next chapter.
The model we have constructed has the gauge group U(3) x U(2) x U(1) x U(1) =
SU(3) x SU(2) x U(1) x U(1) x U(1) x U(1). It turns out that only one linear
combination of the 4 U(1)'s remains massless, and this linear combination is the
hypercharge U(1)y. The other U(1)'s become massive, and so we do indeed recover
the standard model SU(3) x SU(2) x U(1).
3.3 Intersecting Branes of T 6/ 2 x Z2
Having gotten a sense of model building with IBMs in the simple case of T6 , we now
consider the case of T'/Z 2 x Z2 which is the main focus of this thesis. Our notation
in this section follows [30]. We first describe T 6/Z 2 x Z2, then we derive the tadpole
cancellation conditions and SUSY conditions on T'/Z2 X Z 2 . With these conditions
we will have all the necessary tools to do a complete search for all supersymmetric
IBMs on T6/Z2 x Z2-
3.3.1 Orientifolds
We found T 2 by identifying opposite sides of a square. Suppose we want to identify
points on T 2 . We can form the quotient space T 2/G, where G is a discrete symmetry
group. In this space points that can be obtained from each other by the action of G
are identified as one point. In general, the quotient space of a manifold M, M/G,
is called an orbifold. We will be interested in the orbifold T'/Z2 x Z2. We will let
Z2 x Z2 have generators 0 and w. In terms of complex coordinates zi on T' the actions
of 0, w are:
0 : (Z 1 , z 2 , Z3) - (-Z 1 ,-Z 2, 3)
w : (zi, Z2, Z3) (21, -22, 3
A generalization of an orbifold is an orientifold. An orientifold has in its G the
element Q which is the world sheet parity. The world sheet parity changes the string
orientation. Additionally, there is the element R sending each zi to its complex
conjugate Zi,
R :(z 1 2,z2, 3 ) (z1 , 2, 3 )
The orientifold action is defined to be QR. Thus, we will be working on T'/Z2 x Z2
modded out by the orientifold action, and we will call this the orientifold T 6/ Z 2 x Z2*
The points fixed by the orientifold group G are known as the orientifold plane. As
we mentioned earlier, orientifold planes have negative charge and are therefore used
in order to cancel the positive charge coming from D-branes. For our case, since
(QR) 2 = 02 = W2 = 1, G consists of QR, QRO, QRw, and QROw. There are 4 kinds
of orientifold (06) planes. They are
[HQR] = [ail] x [at2] X [ 3]
[I- /Q] - -[Ci] X [32] X [/3]
[IIQROw] - -[01] x [a2] X [/3]
[H QRO] - -[/1] X [/2] x [a3].
To simplify further expressions we let [ITo06 = [FIR] + [IJQ] + [IHROw] + [IIQR].
3.3.2 Tadpole Cancellation Conditions
As we mentioned in our discussion of D-branes in Chapter 2, due to Gauss's law the
total charge must cancel. The charge of a brane is given by its 3-cycle. Thus, in the
absence of orientifold planes, Gauss's law is
SNa [Hal 0,
a
where a labels the different branes and Na is the number of branes in a stack. Recall
that a stack is simply Na parallel branes (so they are wrapping the torus in the same
way). Each orientifold plane has charge -2 in D-brane units. There are in fact 8
copies of each of the 4 06-planes. Additionally, for each D-brane we are required
to includes its image under QR since there must be invariance under the orientifold
action. The image of [a,] will be denoted by [Il]. Thus gauss's law is
SNa([ra] + [H1]) - 2 x 8 x [I106] = 0.
a
Expanding gives
3 3
S (n [aj + p,]) + (n? [a] - m [i]) -16[o 6 ] = 0.
a i=1 i=1
Looking at the [ac] x [a2] x [a3] term gives
Nana nana = 8.
a
From the other terms we get 3 additional conditions
-Nanamam a = 8
a
-Nam n am a = 8
a
-Namamr a = 8.
a
This set of 4 conditions are the tadpole cancellation conditions.
3.3.3 SUSY conditions
In addition to the tadpole cancellation conditions, we need to find the conditions such
that supersymmetry is preserved. In order to preserve Af = 1 supersymmetry, each
stack of D6-branes needs to be related to the 06-planes by an SU(3) rotation [31].
Letting 0i label the angle the D-brane makes with the horizontal on the it h 2-torus,
this condition becomes
01 + 02 + 03 = 0. (3.2)
We take the tangent of (3.2) and use the trigonometric identity for the sum of 2
angles
tan a + tan 0
tan(a + f ) = 1 - tan a tan 13
to get
tan 01 + tan 2 +tan 3 -ta 2  1 tan 2 tan 3 = 0 (3.3)
A 2-torus can be described by 2 numbers specifying the radii of the horizontal and
the vertical circle cross sections. For 2-torus i, we call these (RI)i and (R 2 )i, and we
let
_(R2)
This gives
tan Oi = -7i.
With these new definitions (3.3) becomes
m1 m 2m 3 - mlj 2n 2j3 n 3 - m2j3n3jlnl - m 3j 1n 1 j 2n 2 = 0. (3.4)
This is the SUSY equation.
We now have all the necessary elements to begin our discussion of how to scan
through the landscape of IBMs on T'/Z2 X Z2.
Chapter 4
Intersecting Brane Models on
T6 x Z2
4.1 IBM T 6/Z 2 X Z2 Summary
We will begin by simplifying the tadpole constraints. We introduce the tadpoles
P, Q, R, S, so that each brane with winding numbers (ni, mi) contributes to the tad-
poles (with appropriate sign conventions)
- nln2n 3
Q = -l-m2M 3
-
-m 1 n 2m 3 (4.1)
S -im2r 3 .
The cancellation of tadpoles then requires that summing over all branes, indexed by
a, must give
(4.2)Pa =Pa Qa = Ra = E Sa = T = 8
where -T = -8 is the contribution to each tadpole from the 06-plane. When giving
explicit examples of branes we will generally indicate the brane by the values of the
tadpoles, with winding numbers as subscripts, in the form
(4.3)
Supersymmetry conditions
As we said in Chapter 3, the SUSY condition is
mlm 2m 3 - jmrnln 2 3 - knm23 - lnn2 3 = 0. (4.4)
where j = j2j3, k = j 1j 3, 1 = j1j2. In general there is also the condition
S 1 1
P-+ + R+ -S > 0,I k (4.5)
however for the case of T 6 /Z 2 x Z2, (4.5) is a consequence of (4.4). We note that these
conditions hold for each brane separately, with the same positive values of the moduli
j, k, I for all branes. When all tadpoles are non vanishing, (4.4) can be rewritten as
1 j
PQ
k 1
+ + -=0.
R S (4.6)
Finally, there is a further discrete constraint from K-theory which states that when
we sum over all branes we must have [32]
Z a a a M a a a a a a n a am1m 2m 3  Em 1  2 3 - rm 2r n 2m 3  0 (mod 2),
a a a a
where na, m a give the winding numbers of the ath brane on the ith torus.
Branes on tilted tori
(4.7)
Now, we return to the case where the torus is tilted, with Re 7 = 1/2. Say the ith
torus is tilted. In this case, we can define winding numbers i~, frni around generating
(P, Q, R, S)(,,n,,j;n,2,M2;n3,M3) = (-1, , 1)(,1;1,1;-1,-1)
cycles [i], [3 i] of the tilted torus '. In terms of these winding numbers, we can define
ni = i, mi = ri + -~i (4.8)2
which represent the number of times the brane winds along the perpendicular x, y
axes on the ith torus. The supersymmetry conditions for a brane on a tilted torus
are again (4.4, 4.5) in terms of ni, rfn defined in (4.8). The tadpole conditions on
a tilted torus are given by (4.2) where we use mi = 2rn on the tilted tori [36]. A
difference which arises on the tilted torus is that the range of values allowed for (ni, fhi)
is different from the condition of relatively prime integers imposed on the winding
numbers for the rectangular torus. On the tilted torus, the winding numbers fi, ri
must be relatively prime integers. Integrality of hi, ihi imposes the constraint that on
a tilted torus we must have ni = 2ri(mod 2). The relative primality constraint on
hi, fhi becomes the condition that ni, 2ri have no common prime factor p > 2, while
for p = 2 we can have ni and 2fhi both even iff ni/2 and mhi are not congruent mod
2. Because of the common form of the tadpole relations, enumeration of branes on
tilted tori is closely related to that of branes on rectangular tori, with some minor
modifications from the modified relative primality constraint.
Model construction
We can now summarize the degrees of freedom and necessary conditions on these
degrees of freedom which must be satisfied to construct an intersecting brane model
on T6/Z2 x Z2. First, we can have anywhere from 0-3 tilted tori, with the remaining
tori rectangular. Then, we wrap any number of branes on the tori, described by
winding numbers ni, mi, i = 1, 2, 3 for each brane, subject to the appropriate primi-
tivity conditions for rectangular/tilted tori, so that the total tadpole from the branes
is (4.2). Moduli j, k, 1 must be chosen so that the supersymmetry conditions (4.4)
and (4.5) are satisfied for each brane, as well as the K-theory constraints (4.7) which
represent a condition on the total brane configuration. Note that in general 3 branes
1Following the conventions of [11], these generating cycles are given on the complex plane by
2r(R + iR'/2), 27riR'.
will be sufficient to completely constrain the moduli, which are then rational num-
bers since the constraint equations are linear with rational coefficients. In some cases
with fewer branes or redundant constraint equations, there are one or two remaining
unfixed moduli. In these cases we can always choose representative combinations of
moduli which are rational, though this choice is not unique.
Symmetries
The T 6/Z 2 x Z2 model has a number of symmetries under which related models
should be identified. Permutations of the three tori can give arbitrary permutations
on the indices i = 1, 2, 3 of the winding pairs (ni, mi), and hence the same permutation
on the tadpoles Q, R, S and moduli j, k, 1. By 90 degree rotations ni -+ mi -+ -ni
on two of the tori, we have a further symmetry under exchange of P with any of the
other tadpoles. This extends the symmetry to the full permutation group on the set
of 4 tadpoles. (To realize this symmetry on the moduli it is convenient to write the
moduli as j/h, k/h, 1/h, so that h plays a symmetric role to the other moduli. When
the original moduli are rational, we can then uniquely choose h, j, k, 1 to be integers
without a common denominator. We will go back and forth freely between these two
descriptions in terms of 3 rational or 4 integral moduli.)
There is a further set of symmetries on the winding numbers which do not affect
the tadpoles. We can rotate two tori by 180 degrees, changing sign on ni, mi for two
of the i's. Each brane also has an orientifold image given by negating all mi's. We will
keep only one orientifold copy of each brane, and fix the winding number symmetries
as in section 2.2 of [15] by keeping only branes with certain combinations of winding
number signs, as described there.
Types of branes
There are three distinct types of branes which are compatible with the supersym-
metry conditions. These types are distinguished by the numbers of nonzero tadpoles
and the signs of the tadpoles. The allowed brane types are:
A-branes: These branes have 4 nonzero tadpoles, of which one is negative and 3
positive. An example of an A-brane is
(PF Q, R, S)(nl,ml;n2 ,m 2;n 3 ,m 3 ) = (-1, 1, 2, 2)(1,2;1,1;-1,-1) . (4.9)
B-branes: These branes have 2 nonzero tadpoles, both positive. An example of a
B-brane is
(P, Q, R, S)(nl,mx;n 2 ,m 2 ;n3 ,m3 ) = (1, 0, 0, 1)(1,1;1,-1;1,0) . (4.10)
C-branes: These branes have only 1 nonzero tadpole, equal to +1, and are wrapped
on cycles associated with the 06 charge. An example of a C-brane is
(P, Q, R, S)(ni,m;n2 ,m2 ;na,m 3 ) = (1, 0, 0, 0)(1,0;1,o;1,0) . (4.11)
C-branes are often referred to as "filler" branes in the literature, since they auto-
matically satisfy the SUSY conditions and can be added to any configuration which
undersaturates the tadpoles to fill up the total tadpole constraint.
Low-energy gauge groups and matter content
Given a set of branes and moduli satisfying the tadpole, supersymmetry, and K-
theory constraints, the gauge group and matter content of the low-energy 4-dimensional
field theory arising from the associated compactification of string theory can be de-
termined from the topological structure of the branes.
A set of N identical branes of type A or B give rise to a U(N) gauge group in
the low-energy theory, from the N x N strings stretching between the branes. A set
of N identical type C branes, on the other hand, which are coincident with their
orientifold images, give rise to a group 2 Sp(N).
Associated with each pair of branes there are matter fields containing chiral
fermions associated with strings stretching between the branes. These matter fields
transform in the bifundamental of the two gauge groups of the branes. The number of
2There are a variety of notations for symplectic groups in the math and physics literature. By
Sp(N) we denote the symplectic group of 2N x 2N matrices composing the real compact Lie group
whose algebra has Cartan classification CN, which can be defined as Sp(N) = U(2N) n Sp(2N, C).
Note that this group is referred to by some authors as USp(2N), and by some authors (such as in
[11]) as Sp(2N).
copies (generations) of these comes from the intersection number between the branes.
For two branes with winding numbers ni, mi and hii, mi, the intersection number is
I = H(niri - hiimi). (4.12)
Because of the orientifold, there is a distinction between A and B type branes a, b,
which have images a' z a and b' # b under the action of Q, and a C type brane
c, which is taken to itself under the action of Q. Given two A-type branes a, &, for
example, the intersection numbers !a& and aIa, are distinct, and must be computed
separately, corresponding to matter fields in the fundamental and antifundamental
representations of the gauge group on the branes &. The same is true of type B
branes, but not type C branes, which are equal to their orientifold images. Note that
on tilted tori, in the intersection formula (4.12), the winding number fi is used in
place of mi. Note also that for branes a, d of any type the parity of 'ad and 'ad' are
the same, so that the sum lad + lad' is always even. This means that if there is a
stack of N branes a and 2 branes d of type A or B, the number of matter fields in
the fundamental of SU(N) and the fundamental of SU(2) (which is equivalent to the
antifundamental) is even unless there is a tilted torus in at least one dimension.
4.1.1 The space of SUSY IBM models
As reviewed in [11], the first intersecting brane models with chiral matter which were
constructed lacked supersymmetry. There are an infinite number of such models,
which generally have perturbative or nonperturbative instabilities. In this paper we
restrict attention to supersymmetric models, which have a more robust structure.
For the IBM models on the T 6/Z 2 X Z2 orientifold described above, the problem
of constructing supersymmetric models amounts to solving a partition problem. If
we have a set of branes indexed by a, for each a the tadpoles form a 4-vector of
integers (P0, Qa, Ra, Sa). The tadpole constraint says that the sum of these vectors
must equal the vector (T, T, T, T) = (8, 8, 8, 8) associated with the orientifold charges.
If all tadpoles Pa, - -- , S were nonnegative, with each brane having at least one
positive tadpole, then the number of solutions of the associated partition problem
would obviously be finite, as the number of possible tadpole charges would be at
most 84 - 1 = 4095, a subset of which would be described by a nonzero but finite
number of winding number configurations, and the maximum total number of branes
would be 32. With some branes allowed to have one negative tadpole, however, it
is no longer so clear that the number of solutions of the partition problem must be
finite, or even that the number of branes in any given solution must be finite.
For fixed values of the moduli j, k, 1, it is fairly straightforward to demonstrate
that the number of solutions is finite. The SUSY inequality (4.5) states that the
linear combination of tadpoles y, = Pa + Qa/j + Ra/k + Sa/1 is positive for every
brane. The total of this quantity over all branes must be T(1 + 1/j + 1/k + 1/1),
and is therefore bounded for fixed moduli. The contribution to y from each brane
is bigger than any of the individual contributions from any positive term. To see
this, assume for example that Qa > 0, and we will show that y > Q,a/j. Assume
without loss of generality that Pa = -P < 0. From the SUSY equality (4.6) we have
k/Ra < 1/P, so Ra/k > P. Recalling that at most one tadpole is negative, we then
have -a > Qa/j + Ra/k - P > Qa/j. Thus, for fixed moduli, we have bounded each
individual positive tadpole contribution. But since each winding number appears
in two tadpoles, this bounds all winding numbers. It follows that there are a finite
number of different possible branes consistent with the SUSY conditions for fixed
moduli j, k, 1. There is therefore a minimum required contribution to y,, and therefore
a maximum number of branes which can be combined in any model saturating the
tadpole conditions, proving that there are a finite number of models for fixed moduli.
In [24, 25], the space of solutions was scanned by systematically running through
moduli and finding all solutions saturating the tadpole conditions and solving the
SUSY and K-theory constraints for each combination of moduli. Writing the moduli
as a 4-tuple of integers U = (h, j, , 1) as discussed above, they scanned all solutions
up to |U1 = 12. This computer analysis produced some 1.66 x101 SUSY solutions.
Their numerical results indicated that the number of models was decreasing fairly
quickly as the norm of the moduli vector increased, so that this set of models seemed
to represent the bulk of the solution space.
In [15], an analytic approach was taken to analyzing the space of SUSY models.
In this paper it was demonstrated using the SUSY conditions that even including
all possible moduli, the total number of brane configurations giving SUSY models
saturating the tadpole condition is finite. Estimates were found for numbers of models
with particular brane structure.
In this paper we complete this analysis. The key to constructing all models with
some desired structure is to deal with the A-branes systematically. In the next
section, we describe how all 99,479 distinct A-brane combinations which do not over-
saturate the tadpole conditions can be constructed. For each of these combinations it
is then straightforward, if tedious, to construct all models which complete the tadpole
conditions through addition of type B and C branes.
4.2 Constructing A-brane configurations
As discussed above, finding all models in which a combination of branes satisfy the
SUSY and tadpole conditions for some set of moduli would be straightforward if all
branes had only positive tadpoles. In this situation, all tadpoles in each brane would
give positive contributions to the tadpole condition. This would give us upper bounds
on the winding numbers for all the branes and on the maximum number of branes
in a given configuration. This would then allow us to scan over all allowed winding
numbers and hence find all possible models, or all models with some particular desired
properties.
Since A-branes have a negative tadpole, however, the tadpole constraint alone
will not give us upper bounds on the winding numbers. In order to obtain such
upper bounds we need to use a combination of the tadpole condition and the SUSY
condition. Indeed, this approach was used in [15] to prove that the total number of
supersymmetric brane configurations satisfying the tadpole condition is finite. The
bounds determined in that paper, however, are too coarse to allow a search for all
models in any reasonable amount of time. In this section we obtain tighter bounds,
and describe how these can be used to implement a systematic search for all allowed
A-brane combinations. We have carried out such a search, and describe the results
here.
The goal of this section is thus the construction of all possible configurations
of A-branes compatible with the tadpole and SUSY constraints. Having all A-brane
configurations is a crucial step in performing a complete search for any class of models.
In 3.1 we develop analytic bounds on the various combinations of A-branes with
different negative tadpoles. These bounds are derived using combinations of the
tadpole and SUSY conditions in order to place upper bounds on the winding numbers
and the maximum number of branes allowed in a configuration. Then in 3.2 we
apply these bounds to construct a complete algorithm for generating all A-brane
configurations. In 4.2.3 we summarize the results of an exhaustive numerical analysis
of all the A-brane combinations. In this section we will be working exclusively with
A-type branes. In the following section we describe how to systematically add B-
and C-branes to form all configurations with desired physical properties.
To simplify the discussion we define some notation. We let [p, q, r, s] denote a
configuration consisting of p branes with a negative P tadpole, q branes with a neg-
ative Q tadpole, r branes with a negative R tadpole and s branes with a negative S
tadpole. Through permutations in the ordering, we can always arrange the branes
so that the branes with a negative P tadpole are first in the configuration, followed
by those with a negative Q tadpole, then R, then S. Within these groupings the
negative tadpoles can be canonically ordered in increasing order of magnitude. A
subscript a on a tadpole (Pa etc.) will indicate which brane it belongs to. Also, for
convenience, in this section we will write all tadpole numbers as the absolute value
of the tadpole contribution, and explicitly insert the minus sign when needed. For
instance the tadpoles of a brane a < p with a negative P tadpole will be written as
(-Pa, Qa, Ra, Sa). In the same manner, whenever we write a winding number ni or
mi, it will mean the absolute value of the winding number and we will explicitly insert
a minus sign when needed. Throughout this section we will work with four integer
moduli h, j, k, I for symmetry in the equations. Also, as in Section 2, the tadpole
bound of 8 is denoted by T.
4.2.1 Bounds from SUSY and Tadpole Constraints
We will classify the A-brane configurations in terms of how many different types of
tadpoles are negative. There will be four cases to consider: [p, 0, 0, 0] which corre-
sponds to only the P tadpole being negative, [p, q, 0, 0] in which the first p branes
have a negative P tadpole and the next q branes have a negative Q tadpole, [p, q, r, 0],
and [p, q, r, s].
We begin with the simplest case, [p, 0, 0, 0], for which we can immediately derive
bounds on the winding numbers. We then derive several general conditions which
are useful in proving tight bounds on the winding numbers in the cases [p, q, 0, 0] and
[p, q, r, 0]. We end this subsection by finding strong bounds for the winding numbers
in the case [p, q, r, s]. In fact, it turns out that there are no combinations of A-branes
which include branes with each of the four tadpoles being negative, so there are in
fact no allowed combinations of type [p, q, r, s] with p, q, r, s > 0. The details of the
proof of this statement are given in the Appendix. This result, however, makes the
analysis of all A-brane combinations much easier, since it immediately indicates that
there are at most 8 A-branes in any combination (since all have positive tadpoles
Sa > 0, with Zi Sa < 8).
As the simplest case, we now consider the [p, 0, 0, 0] combinations, which contain
p branes with tadpoles (-Pa, Qa, Ra, Sa), 1 < a < p. Since the Q, R, and S tadpoles
are each at least 1, and the sums of the Q, R, and S tadpoles must each be less than or
equal to T, there can be a maximum of T branes per configuration. More explicitly,
each brane has 6 winding numbers ni, mi from which the 4 tadpoles are constructed
as cubic combinations through (4.1). Each winding number appears in 2 different
tadpoles (for example, nl appears in the P and Q tadpoles). All 6 winding numbers
appear in at least one of the Q, R, or S tadpoles. Since all the negative tadpoles
are P, all 6 of the winding numbers for each brane can be bounded from the tadpole
constraint applied to the Q, R, and S tadpoles. For instance, the tadpole constraint
tells us that the sum of the Q tadpoles is less than or equal to T. Thus, the sum
over branes of nlm 2m 3 is < T = 8, which gives a strong upper bound on the winding
numbers n', m2 , m3 . We can easily enumerate the allowed [p, 0, 0, 0] combinations by
considering all winding numbers for the first brane which give Q1, R1, S1 < T, then
constructing all second branes which give Q1 + Q2 < T,..., and so on up to at most
T = 8 branes.
The other cases, with more than one type of negative tadpole, require a somewhat
more complicated analysis. In the case [p, 0, 0, 0] we did not need to use the SUSY
conditions. In the cases where there is more than one different negative tadpole,
however, it is not immediately clear how to bound the number of branes in a configu-
ration. The SUSY condition will play an essential role in this constraint. Rather than
immediately analyzing the next case, where both P and Q tadpoles can be negative,
we will find it useful to first derive several conditions which will be helpful to us for
bounding the winding numbers and number of branes in a general configuration.
In the first condition that we derive we consider the subset of branes in the con-
figuration with negative P or Q tadpoles (i.e., the first p + q branes). Among the
first p + q branes in any A-brane configuration (ordered as described above) there are
no negative R or S tadpoles. When considering constructions of the type [p, q, 0, 0]
we can therefore use the tadpole constraints for the R and S tadpoles to bound 5
of the 6 winding numbers. ni is the only winding number which is not immediately
bounded by the tadpole conditions, since it is the only one that does not appear in
the R or S tadpoles. We now determine a bound for these nl winding numbers.
First Winding Number Bound (FWNB)
Again, we consider the first p + q branes, which are those having only negative P
or Q tadpoles. We choose a, b from a E {1, ... , p}, b E {p + 1, ...p + q}. The SUSY
h " 1
condition (4.6) for brane a states -± + + g + = 0. We must therefore have
- + < 0. Similarly, from the SUSY condition for brane b we get - <0.
Pa Qa Pb Qb
These two conditions together give Qa Qb Va, b. Let A = maxb Qb. Then
> A Va and A > lVb. Note that A = mm/nb2n for some b, so A is independent
ofa the winding numb for any brane. From the tadpole conditions for P and Q
of the winding numbers nl for any brane. From the tadpole conditions for P and Q
(upon rearranging) we get:
(Ql - APi)+... + (Qp -APp)+ (APp+I - Qp+,) +.. .+ (APp+q - Qp+q) < T(A+1) (4.13)
Since each term in parenthesis is nonnegative, and the terms from the first p
branes are positive, we have a bound on the nl winding number of each of the branes
with negative p, given all the remaining winding numbers n2, n3, mi for each of these
branes. By choosing A = mina {}, we can similarly determine a bound on the n,
winding numbers for the branes with negative Qb. We will henceforth refer to these
bounds on nl (4.13) as FWNB for convenience.
The bound (4.13) makes the construction of all configurations of type [p, q, 0, 0]
a straightforward exercise, similar to that described above for combinations of type
[p, 0, 0, 0], as we describe in more detail in the following subsection. We can derive
another condition which will be useful for cases with 3 or 4 different negative tadpoles.
Once again, we look at the subset of branes in which only two types of tadpole are
negative, without loss of generality taking these to be the first p + q branes in the
configuration where -Pa, -Qb are the negative tadpoles.
Two Column SUSY Bound (TCSB)
For any combination of branes, the tadpole conditions for the R and S branes
gives
R S I I
k I -  T( k + ) (4.14)
For a brane of the type (Pa, Qa, -Ra, Sa) SUSY gives h + a Ra + 0
Hence -- +  - < 0, or rearranging,
Ra S
SRa > 0. (4.15)
k I
Similarly for branes of the form (Pa, Qa, Ra, -Sa) there is a positive contribution
R. Sc,> 0.k 1
Thus, we have that, even when restricting to just the first p+ q branes where both
R and S are positive,
+ S  < T ( k -) (4.16)
a=l a=l
The relation (4.16) is possible only if
p+q p+q
SRa T or Sa < T (4.17)
a=l a=1
where the inequality is a strict < if there is at least one brane with a negative R or
S tadpole.
The Two Column SUSY Bound (TCSB) is (4.17). This result clearly generalizes
to considering the subset of branes with any two tadpoles being purely positive, in
which case one of the two positive sums must be < T. As a consequence of the
condition (4.17), we gain useful information about configurations with 3 types of
negative tadpoles ([p, q, r, 0]). In particular, we can show that
The sum of the positive contributions to one of the first three tadpoles is less than 3T
(4.18)
To see this, without loss of generality, we let h = min {h, j, k}. We have that
P :Q + : R < T(h +  +  (4.19)
For a brane of the form (-Pa, Qa, Ra, Sa) there will be a positive contribution
to the above sum since -a + Q > 0, which can be shown in a similar fashionh j
to (4.15) above. From a brane with a tadpole other than Pa that is negative, say
(Pa, -Qa, Ra, Sa), we have -Q + - > 0, and so a will contribute less than thej k h
total for that brane to the above sum. Hence we get
q+r P  I 1 1 3TS-< T(+-+-<-
h ~hjk'h
a=p+l
This proves (4.18)
Along with the TCSB, this condition suffices to give strong bounds on the winding
numbers and the number of branes in a [p, q, r, 0] configuration. We describe the
details of how these bounds are used to determine the range of p, q, r, 0] configurations
in the next subsection. Finally, we need to consider the case of [p, q, r, s]. It turns out
that there are no configurations of this type which are compatible with SUSY and
the tadpole conditions with T = 8 (though such configurations are possible at larger
values of T). The full proof that there are no configurations of this type is given
in the Appendix. Here we just derive a bound on the maximum number of allowed
branes.
Suppose we have [p, q, r, s]. Without loss of generality, let s < r < q < p and for
convenience of notation, we let a =p, b =p+q, c = p + q + r, d = p + q + r + s.
The sum of the tadpole conditions for R and S gives
R S I I
- + ST(+k ) (4.20)
Looking at the left side of this equation, and using relations like (4.15) we have
R 1 +... + Rb S 1 + + Sb Rb+1 Sb+1 Rd Sd
k I k I k I
>0 >0
This is greater than (p + q)(! + {), so if (p + q) > T the tadpole condition is
violated. So we have found that
For (p + q) > T there are no configurations [p, q, r, s] (4.21)
This condition severely limits the number of branes that can be in a configuration.
In fact, by various manipulations of the SUSY equations, we can show there are no
configurations of the form [p, q, r, s] when T = 8 (see Appendix for details).
4.2.2 Algorithm
Using the constraints derived in the previous subsection we can construct algorithms
whose complexity scales polynomially in T to generate all A-brane configurations.
We outline such algorithms for the three cases [p, 0, 0, 0], [p, q, 0, 0], and [p, q, r, 0]. In
each case, the algorithm consists of scanning over all the winding numbers for all
the branes in the configuration subject to given bounds. The bounds on the size of
the winding numbers and the number of branes in the configuration are obtained by
using combinations of the conditions in the previous section. The main challenge in
constructing such algorithms is having explicit bounds for all the winding numbers.
So the focus of this discussion is on explaining how all winding numbers can be
constrained using the results of the previous subsection.
As we saw in 3.1, for [p, 0, 0, 0] we can simply loop over all six winding numbers for
each of the branes, all of which are constrained by the tadpole condition. Considering
all winding numbers for the first brane, and then subtracting the resulting contribu-
tions for Q1, R1, S 1 from the tadpole conditions while assuming that P1 > Pa, a > 1
gives stronger bounds for the winding numbers of the second brane, and so on.
Generating all A-brane configurations of the form [p, q, 0, 0] is only slightly more
involved. We loop over 5 of the 6 winding numbers for each brane (since all but nl
are constrained by the tadpole condition). We then loop over nl for each brane after
bounding it through use of FWNB. For example, let us look at the simplest case of
[1, 1, 0, 0]. The tadpole condition for the S tadpole gives (recall that in this section
we are using ni, mi to denote absolute values of winding numbers, with signs put in
explicitly)
m1 1 1 2 2 n2 < T, (4.22)12T3 1 m2n3
and the tadpole condition for the R tadpole gives
1 1 1 2 2 2 < T. (4.23)
mn 2m3 + mln2m 3  T. (4.23)
With these two conditions we have bounds on all winding numbers except for nl and
nU. We can therefore easily loop over all these winding numbers. Concretely, this
means we have 10 nested loops. In the first loop, we loop over all m1 < T, in the
second loop we loop over all m h 1 2second loop we loop over all mi such that mtm < T, and so on. Finally, we have two
additional nested loops for ni and ni2 . The maximum values for these are obtained
from FWNB. For ni we have the constraint
nm(m m - An' n) < T(A + 1), (4.24)
where A = 2. And for n2 we have
n2n3
2(An22 - m2m ) < T(A + 1), (4.25)
1 1
where A = 2 The general case of [p, q, 0, 0] is done by a similar application of
FWNB.
The case [p, q, r, 0] requires the most work. The idea is to first generate three
branes with all different negative tadpoles. For the purpose of this discussion we
rearrange the brane ordering so that these branes can be chosen to have tadpoles
(-Pi, Q 1, Ri, SI), (P 2 , -Q2, R 2, S2 ), (P 3 , Q3 ,-R 3 , S3 ) (4.26)
Note that further branes may be added to the configuration with negative P, Q, or R
tadpoles. However, for any configuration we choose the first brane to be the brane in
that configuration with a negative P tadpole which minimizes Qa/Pa, and the second
brane to be the one with a negative Q tadpole which maximizes Qb/Pb. Once we
have chosen the 3 branes (4.26) we solve for the moduli, and then add all further
combinations of branes consistent with those moduli and the tadpole constraints.
The first step is generating the first three branes, (4.26). In order to generate
these we need constraints on all the winding numbers for these three branes. From
the tadpole constraint on the S tadpole, since the total configuration of which (4.26)
is a subset has no branes with negative S, we have bounds on the mi, n 2 and n3
winding numbers for each of the branes. To find constraints for the other winding
numbers we are not allowed to use the tadpole bound condition on the P, Q, or R
tadpoles, since the additional branes we may add to complete the configuration can
give negative contributions to these tadpoles. We will thus rely on the conditions
derived in Subsection 4.2.1 in order to specify upper bounds on the winding numbers.
We begin by using (4.18). without loss of generality this condition allows us to
assume that R1 + R2 < 3T. Referring back to FWNB, we take A = Q 2/P 2 which in
(4.13) gives (Q1 - AP1 ) < T(A + 1) to constrain n'. (Note that since brane 2 has the
largest value of Qb/Pb among all negative Q branes, all contributions on the LHS of
(4.13) are positive, even when further branes are included in the configuration.)
Next, we take A = 11 and in a similar fashion use (AP2 - Q2) < T(A + 1) to
constrain n. At this point, the first two branes are completely constrained (meaning
that we have explicit upper bounds on all winding numbers for the first two branes
in the configuration).
For the third brane, the TCSB (4.17) for the P and Q tadpoles shows that we
have that either P3 < T or Q3 < T. Without loss of generality we take P3 < T. Thus,
for the third brane P3 and S3 are now constrained. Using SUSY between branes 1
and 3 we get that > - Thus R3 < P3 and so R 3 is constrained.
We have thus determined upper bounds on all winding numbers for the three
branes (4.26). We now move on to the second step, which involves finding the unique
set of moduli consistent with supersymmetry for the first three branes. This will
then allow us to efficiently add to the first three branes all branes consistent with the
moduli. Having three distinct branes in a configuration is a necessary condition to
uniquely determine the moduli, but not a sufficient one (the system of three SUSY
equations (4.6) for 3 moduli may not have a unique solution). In order to actually
be able to solve for the moduli using the three branes (4.26), we need to prove that
these three branes give linearly independent constraints on the moduli. Suppose that
the constraints are dependent, so that there exist an a, 0 such that
1 1 1 1 1 111 1 1 1 1
(- - ,-) + P( -) = (- - (4.27)P1 ' Qi' R1 S1 P 2  Q2 R2 S2 P3 ' Q3 ' R3 S3
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From the linear relation on the first element of the vector we see that either a < 0
or /> 0, from the relation on the second element we need a > 0 or 3 < 0, from the
third either a < 0 or /3 < 0, and from the fourth, a > 0 or / > 0. There are no
solutions to this set of sign constraints.
Having uniquely determined the moduli we can efficiently find all branes consistent
with this moduli so we can add them to the branes (4.26) in all ways compatible with
the total tadpole constraints. In 4.1.1 we summarized a simple argument showing
that there are a finite number of such possible configurations, and that the winding
numbers for each brane can be bounded. For example, each brane with negative P
tadpole has positive tadpole contributions Q, R, S bounded by
Q RS P Q R S 1 1 1 1
- T < =- +-+-+-T(I+-+ +-) (4.28)k 1h k I h j k 1
Similar bounds can be given for branes with positive P tadpole. This bounds all
winding numbers on additional branes to be added to (4.26) once the moduli are
fixed. Since all branes contribute a positive amount 'y > 0 (by (4.5)) to the sum
E < T(I +- + I + -) (4.29)
we can combine the additional branes at fixed moduli in only a finite number of ways
compatible with the tadpole constraints, which are easily enumerated. This gives us a
systematic way of constructing all possible A-brane configurations of type [p, q, r, 0].
4.2.3 Results
We have performed a full search for all possible A-brane configurations using the
algorithm described in the previous subsection. We find a total of 99,479 distinct
configurations (with no tilted tori), after removing redundancies from the permutation
symmetries on tadpoles and branes. In Table 1 we show the distribution of the
number of A-branes in these configurations. Note that with more than 3 A-branes,
the number of possible configurations decreases sharply.
n 1 2 3 4 5 6 7 8
Number Configurations 226 30,255 57,651 9,315 1,615 361 55 1
Table 4.1: Number of configurations with n A-branes.
p\q 0 1 2 3
1 226 28560 - -
2 1695 52761 3286 -
3 857 5048 694 51
4 105 689 170 0
5 9 89 27 0
6 2 12 0 0
7 1 0 0 0
8 1 0 0 0
Table 4.2: Number of configurations with p A-branes with negative P tadpole, q
A-branes with negative Q tadpole, and no branes with negative R or S tadpole.
The number of A-branes with negative P and Q tadpoles in configurations of
types [p, , 0 0, 0] and [p, q, 0, 0] is tabulated in Table 4.2.3. So, for example, of the
57,651 combinations with 3 A-branes, 857 are of type [3, 0, 0, 0], 52,761 are of type
[2, 1, 0, 0], and the remaining 4033 are of type [1, 1, 1, 0].
While there are only 226 individual A-branes which alone satisfy all tadpole con-
straints, many more distinct individual A-branes are possible in combination with
other A-branes. The number of distinct (up to symmetry) A-branes appearing in
any configuration is 3259. A simple consequence of the Two Column SUSY Bound
(4.17) is that no individual A-brane can have more than one tadpole > T. It is
possible, however, to have an A-brane with one large positive tadpole, compensated
by a negative tadpole on another brane. The most extreme case of this is realized in
a two A-brane combination in which one brane has a tadpole P = 800
(-792, 3, 3, 88)(3,1;3,1;-88,-1) + (800, 2, 5, -80)(2,1;5,1;80,-1) (4.30)
One of the most significant features of the A-brane combinations tabulated in
Table 4.1 is that
Any combination of A-branes has at most one negative total tadpole
This was proven in [15] for a combination of two A-branes but it is straightforward
to generalize to any number of A-branes. Consider for example the tadpoles P, Q.
As in the discussion in 4.1.1, for every brane with negative Pa = -P we have from
the SUSY condition Qa/j - P/h > 0, and for each brane with negative Qb = -Q
we have -Q/j + Pb/h > 0. Thus, in the sum over all branes in any configuration we
have
+ > 0 (4.31)
ah
so that only one of the total tadpoles P, Q can be negative. The same holds for
any pair so, as stated above, at most one total tadpole can be negative for any
combination.
As a consequence of this result, any combination of A-branes acts in a similar
fashion to a single A-brane. Furthermore, when A-branes are added, since the in-
dividual winding numbers on each brane must be smaller, the maximum achievable
negative tadpole decreases quickly as the branes are combined. Thus, a single A-
brane can achieve the most negative tadpole. Indeed, the single A-brane with the
most negative tadpole (and no tadpoles > T) is
(-512, 8, 8, 8)(8,1;8,1;-8,1) . (4.32)
The combination of two A-branes with the most negative total tadpole is
2 x (-64, 4, 4, 4)(4,1;4,1;-4,1) = (-128, 8, 8, 8). (4.33)
For three A-branes, the most negative total tadpole is -54, and for four A-branes the
most negative total tadpole is -32. The distribution of the smallest total tadpole for
all combinations of 1-4 A-branes (with no total tadpoles > T) is depicted in Figure 4-
1. In each case, the branes are ordered by minimum total tadpole and distributed
1 A config. #
200
15
0
a5 
0
.. .. ,*Tadpole
-500 -400 -300 -200 -100
3 A config. #
50000
40000
30000
2 0 0 0
,1
-50 -40 -30 -20 -10
Tadpole
-120 -100 -80 -60 -40 -20
4 A config. #
8000
6000
4000
-30 -20 -10
-30 -20 -10
Figure 4-1: Minimum of total tadpole in each configuration of 1, 2, 3, and 4 A-branes (untilted
tori).
linearly along the vertical axis.
We thus see that most multiple A-brane configurations have similar properties
to a single A-brane with a minimum tadpole which is fairly small in absolute value.
Only for combinations with one or sometimes two A-branes are there configurations
with substantially large negative tadpoles.
In constructing more general models with multiple stacks of D-branes, the greatest
variety of constructions is possible when the smallest total tadpole coming from the A-
brane sector is as negative as possible. In particular, the greatest flexibility in adding
B-branes and C-branes is afforded when the A-brane sector has a very negative total
tadpole and the positive total tadpoles are also small. This is realized primarily
for single A-branes with very negative tadpoles. There are 33 single A-branes with
negative tadpole < -128, and 71 single A-branes with negative tadpole < -54. A
typical example is the A-brane
(4.34)
2 A config. #
30000
25000
20000
1500
100
00
Ta6dpole
Tadpole
I
(-168, 3, 7, 8)(3,1;7,1;_8;_1) .
Tad
There are also 403 combinations of two A-branes with negative tadpole < -54. The
two A-brane combinations have larger positive total tadpoles than the single brane
configurations with similar negative tadpole, so that the single brane gives space for
a wider variety of added B- and C-branes. As we shall see, most of the diversity of
models with multiple brane stacks comes from these single (and some double) brane
configurations with highly negative tadpoles. These configurations are also associated
with relatively large integer moduli h, j, k, 1, as we discuss in more detail in Section
6.
Finally, we discuss the question of A-brane combinations with tilted tori. As
described in Section 4.1, on a tilted torus the tadpole and winding number conditions
are very similar to those on a rectangular torus. We have established previously
that for a tilted torus the winding numbers are (n, ri) where 2ri and n have the
same parity. Additionally, the relatively prime condition that gcd(n, rh) states that
gcd(n, n - n/2) = 1. We are now going to show that all cases of tilted tori are a
subset of cases of untilted tori. We consider the 2 cases, when inh is an integer or half
integer.
1): If in is a half integer, then (n, fin) for a tilted torus corresponds to (n, 2rh) for
an untilted torus.
Proof: The tadpole conditions are equivalent. What we need to check is that the
relatively prime conditions are equivalent
gcd(n, 2f) +- gcd(n, Th - n/2) = 1.
We note that since r is a half integer, 2fn is odd, which requires n to be odd. To
prove the forward direction, if there exists an integer k such that k n and kj ,2?-n
then kl = 2i-n So 2rh = 2kl + n. Hence k 2rn. To prove the converse, if there exists
a k such that kin and kjl2r, then k can not equal 2, since n is odd. Hence, kj2 - -
2: If 'n is an integer, then (n, fi) for a tilted torus corresponds to the subset of
solutions for the untilted torus of 2 branes of form (n/2, fh) where n/2 and rin are of
opposite parity.
Proof: In terms of the tadpole conditions: 2 untilted (n/2, rh) are 1 untilted
(n, 2rh) which is a tilted (n, fn). This shows that the tadpole conditions are equivalent.
Next, we need to see that the relatively prime conditions are equivalent. First, note
that rhf is an integer, so 2f is even, requiring n to be even. We want to show the
following:
gcd(n/2, rh) = 1 +-+ gcd(n, fi - n/2) = 1.
Since gcd(n/2, ha) = gcd(n/2, h - n/2), the reverse direction is obvious. To prove
the forward direction, we must ask is it possible that gcd(n/2, h - n/2) = 1 but
gcd(n, f - n/2) = 2? This is only possible if rh - n/2 is divisible by 2, but n/2 is not
divisible by 2, so n/2 is odd and r - n/2 is even, so i is odd. But we said n and rh
must be of different parity.
So, the solutions for a tilted torus are a subset of those for an untilted torus. The
subset condition (and not equal condition) is due to the case when ri is an integer.
In this case, it may be that 1) there aren't two branes for untilted tori of the form
(n/2, f), or even if there are then it may be that 2) n and ri for the untilted tori are
both odd.
From the above two cases we conclude that we can obtain all the solutions for tilted
tori from untilted tori ,given by winding numbers (n, rh), by the following prescription
(applied to each torus that we are trying to make tilted):
If both n and m are odd, then this corresponds to a tilted solution with (n, rn) =
(n, ri/2). If n and fh have opposite parity then we see if the tadpole constraints are
still satisfied if there are double the number of that brane in the configuration. If this
is the case, then this corresponds to a tilted torus solution with (n, fn) = (2n, i) for
this brane.
For example, let us say we have untilted tori with two branes in the configu-
ration, where the first brane has winding numbers {(ni, ril), (n 2, ri 2), (n3, r 3i)} =
{(1, 2), (3, 5), (4, 7)} and the second brane is {(3, 7), (3, 5), (4, 9)}. And suppose we
now want to make all three tori tilted. Looking at the first torus, for the first brane,
nl and nr have different parity. Thus, we need to have two copies of the first brane.
# tilted tori\n 1 2 3 4 5 6 7 8
1 242 24783 27712 10068 1375 477 36 1
2 136 5897 4868 3127 422 222 9 0
3 29 471 277 354 38 36 0 0
Table 4.3: Number of configurations of n A-branes having all total tadpoles < T = 8
with 1, 2, or 3 tilted tori.
For the second brane, nl and ni1 have the same parity, so we do nothing. Looking at
the second torus, for both branes the winding numbers are of the same parity, so this
is fine. And for the third torus, for both branes the winding numbers are of different
parity. Thus, we need to double the number of first branes and the number of second
branes. So, we need to check if a configuration with 4x brane 1 and 2x brane 2
satisfies the tadpole conditions. If this is true, then we have a solution with all three
tori tilted and winding numbers (in the form (n, rh)): brane 1 - {(2, 2), (3, 5/2), (8, 7)}
and brane 2 - {(3, 7/2), (3, 5/2), (8, 9)}.
As another example the single A-brane of (4.34) is a valid A-brane (using mi --
2fri on the tilted tori) if either the first or second torus is tilted, but not if the third
torus is tilted since n3a 2rh3 (mod 2). If we are counting all A-brane combinations
with the first torus tilted, then, after using the permutation symmetry (4.34) gives
the allowable A-branes
(-168, 3, 7, 8)(3,1 2;7,1;-8;-1),  (-168, 7, 3, 8)(7,172;3,1;-8;-1) (4.35)
where the tilde denotes winding numbers ini on the tilted torus. We have computed
the number of A-brane configurations with 1, 2, and 3 tilted tori in this fashion. The
results are given in Table 4.3.
Chapter 5
Models Containing Guage Group
G
Using the set of all possible configurations of A-branes, as described in the previous
section, it is possible to efficiently generate all brane configurations which realize
many features of interest. In particular, given any fixed gauge group G it is possible to
construct all distinct brane combinations which realize this gauge group as a subgroup
of the full gauge group in any model in polynomial time. In principle, construction of
all SUSY models is possible, but this is computationally intensive as the total number
of models is quite large.
There are several reasons for focusing on the problem of constructing all realiza-
tions of a fixed group G rather than simply enumerating all models. This approach
significantly simplifies the computational complexity, while still extracting some of
the most interesting data. From a purely model-building perspective, say one is in-
terested in constructing all standard-model like brane configurations. For a given
realization of the group G32 1 = SU(3) x SU(2) x U(1) in terms of a set of 3 + 2 +
1 branes, there may be a large number of ways of completing the configuration to
saturate the tadpole equations. But much of the physics of the model, such as the
number of generations of "quarks" carrying charge under SU(3) and SU(2) depends
only on the choice of branes to realize G and is independent of the way in which
this model is completed with extra branes. The extra branes may generate a hidden
sector or chiral exotics which are of interest, but it is probably more efficient for
model building purposes to first consider all realizations of G, and then to explore
the possible extra sectors only of those realizations which have physical properties of
interest.
From a more general point of view, the purpose of constructing all configurations
with fixed gauge subgroup G is to get a clear handle on what the important factors
are which control the distribution of models. By considering the variety of ways in
which a gauge subgroup like G = SU(3) x SU(2) can be realized in any SUSY IBM
model on T6/Z2 X Z2, for example, we gain insight into the mechanism responsible for
generating the bulk of these configurations. This also provides a clear way to analyze
more detailed features of these constructions such as the number of generations of
matter fields in various representations.
In the first part of this section (5.1) we describe the general method of comput-
ing all brane configurations which generate a gauge subgroup G; we then explic-
itly compute all such configurations for gauge groups U(N) in Subsection (5.2) and
SU(3) x SU(2) in Section 5.3. By looking at the distribution of these gauge groups
and associated tadpoles, we gain insight into how the diversity of realizations of these
groups is associated with A-branes with large negative tadpoles, as well as providing
useful tools for model building.
5.1 Systematic construction of brane realizations
of G
As mentioned above, the problem of finding all ways in which a fixed group G can be
realized as a subgroup of the full gauge group can be solved in a straightforward way in
polynomial time given the results of the Section 4.2. Any complete model containing
a set of branes individually satisfying the SUSY constraints for a common set of
moduli and collectively solving the tadpole and K-theory constraints, contains some
given set of A-branes (or no A-branes) which must be one of the 99,479 configurations
enumerated above. Given a configuration of A-branes, there is a finite number of ways
in which B- and C-branes can be added to saturate the tadpole conditions, since the
B- and C-branes have only positive tadpoles. Thus, to determine all realizations of
G, we just need to run through each of the roughly 105 possible A-brane combinations
and for each determine all realizations of G through adding B- and C-branes to the
given A-brane combination without oversaturating the tadpole constraints.
To be explicit, say we want to find all models containing the gauge group G =
SU(N1 ) x SU(N 2) x ... x SU(N,). Each of the r stacks can be made up of A , B
or C type branes (for A- and B-branes SU(Ni) would be realized as a subgroup of
U(Ni), while for C-branes, SU(Ni) would be realized as a subgroup of a symplectic
group Sp(N) as discussed in more detail below).
The first step in explicitly constructing all realizations of G is looping through
our list of all A-brane configurations. For each A-brane configuration we see if there
are Ni duplicates of any brane. If so, then these Ni A-branes can provide a factor
of U(Ni) to the gauge group. We form all possible combinations of branes in the
A-brane configuration which can be used to compose parts of the group G, with the
remaining parts arising from extra branes which must be added to the model. For
each of these realizations of a subgroup of G by some branes in a configuration of
A-branes, we then consider all possibilites of B and C type branes that can be added
in stacks to fill out the remaining needed components of G.
Algorithmically, adding B-branes to the configuration of A-branes is straightfor-
ward. Since we have already included all the A-branes that will go into the configura-
tion, and since B-branes have only positive tadpoles, all the tadpoles will be bounded
by the tadpole constraint. Thus, to find all ways of including a stack of B-branes
which are compatible with a given A-brane combination, we proceed by scanning
over possible winding numbers of the B-brane to be added that are consistent with
the tadpole constraints. Once a compatible stack of N B-branes is found, we check
to see if this B-brane along with the branes already in the configuration satisfy the
SUSY condition, by confirming that the resulting constraints on moduli are compat-
ible. All possible ways of adding B-brane stacks within the tadpole constraints can
be constructed in this fashion. The addition of stacks of C-branes is even simpler,
since there are only four different C-branes that can be added and the C-branes do
not affect the SUSY conditions.
After constructing the set of all realizations in this way, we may have multiple
instances of the same realization, for example associated with different extra A-brane
configurations. To reduce the final set of configurations to a single instance of each
equivalent realization, we must drop the extra branes, put each configuration in some
canonical form, and drop copies. Note that in this class of brane configurations we
have a clear criterion for determining equivalence of solutions, using the symmetries
described in Section 4.1, unlike for example the situation described in [33].
Thus, in a straightforward way we can scan over all possible inequivalent ways
of building the gauge group G from A-, B-, and C-brane stacks in a way which
is compatible with the supersymmetry and tadpole constraints. Note that we are
not checking the K-theory constraints, since we are only generating a subset of the
complete set of branes in any given model. Thus, the set of realizations generated
through this algorithm may be slightly over-complete. While generically additional
branes can be added in many ways, some of which will satisfy the K-theory constraints,
in some cases, particularly when our realization of G comes close to satisfying the
tadpole constraints, there may be no complete model containing this realization which
satisfies the K-theory constraints. This must be checked in a case-by-case fashion for
models of interest.
We have so far concentrated on the case when the tori are untilted. For tilted
tori we proceed as discussed above for enumerating A-brane stacks. We only keep
configurations where there are an even number of branes with ni mi = 2hmi on the
tilted tori, noting that the resulting gauge group for a stack of 2kN such branes with
ni 0 mi on k tilted tori is U(N). Practically, we can find configurations realizing a
desired gauge group on a compactification with tilted tori by computing the config-
urations on untilted tori, and then checking whenever there is a stack of N branes
with ni # mi on k tilted tori that an additional N(2k - 1) branes of this kind can
be added without oversaturating the tadpole conditions. (For the A-branes, we just
need to confirm that there are an additional N(2k - 1) of these branes available in
the A-brane combination used at the first step of the analysis.) Clearly, this means
that with more tilted tori there will be fewer realizations of G.
5.2 Realizations of SU(N)
As a simple example, we consider the construction of all possible brane realizations
of the group SU(N) as a subgroup of the full gauge group. There are 3 ways in which
the group SU(N) can be realized.
i) The group SU(N) can be realized as a subgroup of the U(N) associated with N
identical A-branes'. To identify all ways in which this can be done we just need to
scan over all 105 known A-brane combinations for configurations including N copies
of the same brane, and then list all A-branes for which N copies appear in some
A-brane combination.
ii) The group SU(N) can be realized, again as a subgroup of U(N), through N
identical B-branes. For each combination a of A-branes, we look at all possible
ways in which a B-brane 0 can be chosen so that combining N copies of 0 with a
gives total tadpoles which are all < T. This condition puts strong constraints on
the winding numbers of /. For each /3 which combines with a without exceeding the
tadpole constraints, a further check must be done that the system of linear equations
given by the SUSY equalities (4.4) for the branes in a and / admit at least one
solution. Finally, symmetries must be considered so that only one example of each
such p configuration is included in a final list. (While the same brane stack / may
be associated with many different A-brane combinations a, these represent "extra"
branes in the same way as additional B-branes or C-branes completing the tadpole
constraints, so do not really realize distinct realizations of SU(N).)
iii) The group SU(N) can also be realized as a subgroup of Sp(N) arising from
N identical C-branes. Checking for this possibility for each combination a of A-
1Note that when SU(N) is realized as a subgroup of U(N), as in i) and ii), the extra U(1) factor
often becomes anomalous and gets a mass through the Green-Schwarz mechanism [34, 35].
type\N U(1) 2 3 4 5 6 7 8 > 8 > 520
A 3259 250 59 17 8 3 1 1 0 0
B 70f7 1144 377 151 82 39 15 1 0 0
C 1 1 1 1 1 1 11 1 0
Table 5.1: Numbers of distinct ways in which SU(N) (U(1) for N = 1) can be realized by A, B,
or C-type branes as a subgroup of the full gauge group (with untilted tori).
branes is straightforward; any total tadpole of a which is less than T - N can be
associated with N additional C-branes. The value N = 2 is a special case, since
SU(2) = Sp(1), so SU(2) can be realized from a single C-brane. Since there is
really, up to symmetry, only one possible stack of N C-branes, there is one possible
realization of each SU(N) as a subgroup of Sp(N) up to the maximum of N = 520,
which can be realized in the presence of the A-brane (4.32). There is one more
subtlety here relevant for model-building. Although the group SU(N) can be realized
as a subgroup of Sp(N) with N C-branes, the fields transforming only under that
Sp(N) live in the antisymmetric representation and cannot break Sp(N) down to
only SU(N). By turning on bifundamentals, for example between two stacks of N
C-branes with different tadpoles, the symmetry can be broken down to SU(N); this
corresponds to brane recombination, giving a different set of branes. Alternatively,
if we have 2N C-branes, these branes can be moved away from the orientifold plane,
giving a gauge group U(N) D SU(N), as described in [21]. Using this mechanism, the
largest SU(N) which can be realized without the remainder of an Sp(N) is SU(260)
by 520 C-branes in combination with (4.32).
We have carried out the necessary computation for each type of brane. The
number of distinct realizations of SU(N) in terms of A-branes, B-branes, and C-
branes is shown in Table 5.1.
Most of the realizations of SU(N) arise from stacks of N B-branes. To understand
the origin of the numbers in this table more clearly let us consider the case of SU(7) C
U(7) arising from 7 identical B-branes. Each B-brane has two nonvanishing tadpoles,
so up to symmetries the B-brane involved has tadpoles (P, Q, 0, 0) with P > Q > 0, so
the full U(N) stack has total tadpole (7P, 7Q, 0, 0). Since every A-brane combination
has at most one negative tadpole, we must have Q = 1. This constrains the winding
numbers ni, m2, m3 to be unity (with canonically chosen signs), so that the only
freedom is in winding numbers n 2, n3 with P = n2n 3. In the absence of any A-
branes, we can only have P = 1. Any A-brane combination included must have total
Q = 1, and P < 0. Among single A-branes, the one with the most negative tadpole
and Q = 1 is
a 64 = (-64, 1, 8, 8 )(1,1;8,1;_8,_1) . (5.1)
With more A-branes, constrained to have total Q = 1, the negative tadpole de-
creases rapidly in absolute value. For two A-branes, for example, the most nega-
tive P tadpole comes in the combination (-9, 1, 7, 8) = (-24,2,3, 4)(2,1;3,1;-4,-1) +
(15, -1, 5, 3)(1,-1;5,1;3,1). A single A-brane and a single B-brane of this type are al-
ways compatible under SUSY. Thus, the set of possible B-branes giving U(7) is just
the set of n2, n3 with 7n2n 3 < 72, where we can choose n2 > n3 using the permu-
tation symmetry between the second and third tori. There is no relative primality
constraint as these winding numbers are on different tori. There are precisely 15 such
combinations, giving the entry in the table above.
A similar story holds for U(N) with smaller N arising from a stack of N identical
B-branes. For N = 6, the A-brane can have Q = 2, which allows P = -128. The
number of a > b with 6ab < 136 is 39, as in Table 5.1. The story is slightly more
complicated for N < 4, since then the B-brane can have Q > 1, but a similar analysis
shows that precisely the number of B-branes indicated in Table 5.1 can be included
N times in a model, almost always with a single additional A-brane.
This analysis gives the first clear example of one of the primary conclusions of this
thesis: the greatest diversity of configurations realizing a particular feature (such as
a fixed subgroup of the full gauge group) arises in association with one or sometimes
more "extra" A-branes. These A-branes lie in the tail of the distribution and give
a very negative tadpole allowing "phase space" for the range of winding numbers.
Indeed, most of the B-brane stacks giving rise to the range of SU(N) configurations
have a single large positive tadpole, requiring a single extra A-brane with a very
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Figure 5-1: Distribution of maximum tadpole for the 3 branes forming each of the 437 distinct
SU(3) realizations. Solid curve is data averaged over window including nearest 4 data points in each
direction for clarity.
negative tadpole. A simple way to see this is to graph the distribution of the largest
positive tadpole associated with the stack of N branes giving the SU(N) gauge group.
The distribution of maximum total tadpoles for the 3 branes giving the SU(3) in the
case N = 3 is graphed in Figure 5-1. For these configurations the maximum tadpole
ranges from 3 through 327 (this number includes the factor of 3 from the stack of
3 branes). Most of these tadpoles are quite large compared to the negative tadpole
of a typical A-brane combination. Indeed, over 75% of the SU(3) realizations have
a maximum tadpole contribution above 50, and can only be realized with single A-
branes in the tail of the distribution shown in Figure 4-1. The distribution in Figure 5-
1 is rather discontinuous due to the small numbers of configurations involved.
5.3 Realizations of SU(3) x SU(2)
As a somewhat more complex example we have computed all realizations of G =
SU(3) x SU(2). As described in 5.1 we can systematically find all such realizations by
first considering all A-brane combinations, finding all ways one or both components of
the gauge group can be included in the A-brane combination, and then adding stacks
of B- or C-branes to complete the group G. This group is of obvious phenomenological
Table 5.2: Numbers of distinct ways in which G = SU(3) x SU(2) can be realized through
combinations of A-, B-, and C-branes. Numbers in parentheses are for SU(3) C Sp(6).
interest, as every standard-model like construction in this framework must contain
at a minimum the group G = SU(3) x SU(2) as a subgroup. So finding all possible
constructions of this group represents a step towards identifying all realizations of
standard-model like physics in any class of compactifications.
5.3.1 Enumeration of distinct realizations for SU(3) x SU(2)
There are 9 different ways in which the different types of branes can be combined
to form the group G. The numbers of ways in which this can be done (without
tilted tori) are tabulated in Table 5.2. Note that we are only requiring a single
C-brane for SU(2) = Sp(1), and including configurations with 3 C-branes where
SU(3) C Sp(3), although as discussed in 5.2 additional branes are needed to allow
the breaking of Sp(N) to just SU(3). (Configurations where 6 C-branes realize
SU(3), so that the reduction Sp(6) --+ SU(3) is possible by brane splitting, are
indicated in parentheses.) Thus, we are solving the mathematical problem of finding
all realizations of SU(3) x SU(2) in any way it can be realized as a subgroup of the
full gauge group. This includes any possible configuration which would lead to a
model containing any extension of the standard model, but not every configuration
constructed here will correspond to a full model with explicit SU(3) x SU(2) gauge
subgroup. Each of the configurations found here can be extended in one or more ways
to a full model, for which the K-theory constraints must be checked.
Of the total of 171,655 constructions of G, by far the greatest number arise from
combinations of B-brane stacks. Again, in most cases there is a single extra A-brane
needed to push down the total tadpole. In the presence of this A-brane there is a
tradeoff between B-branes and C-branes in the "phase space" of brane configurations.
3\2 A B C
A 84 939 169
B 1802 164057 1274
C 554 (316) 2774 (1595) 2 (2)
When T is large there are many more B-branes than C-branes possible within the
tadpole limits, while when T is small, C-branes contribute smaller tadpoles and are
easier to add. In this situation, while T = 8 is reasonably small, the wider range
of possibilities for B-branes wins out and these provide the widest range of possible
realizations of the desired gauge group. Of the more than 160,000 combinations of
3 B-branes with one set of winding numbers and 2 B-branes with another set of
winding numbers, all but 2 configurations can be realized with either no A-branes or
a single A-brane. These two exceptional cases are given by
3 x (0, 4, 1, 0)(2,1;1,2;0,-1) + 2 X (0, 0, 1, 2)(0,-1;1,2;1,1)
3 x (2, 0, 1, 0)(2,1;1,0;1,-1) + 2 X (0, 0, 1, 8)(0,1;1,8,1,1)
Each of these two cases requires two additional identical A-branes, 2 x (4, -2, 1, 2)(2,-1;1,1;2,1)
in the first case, and 2 x (1, 4, 1, -4)(1,1;1,4;1,-1) in the second. The integer moduli are
uniquely fixed in both cases, to (h, j, k, 1) = (8, 1, 4, 4) and (h, j, k, 1) = (8, 1, 16, 1)
respectively.
As in the SU(N) case discussed in the previous subsection, it is helpful to graph
the distribution of maximum total tadpole to get a sense of the distribution of models.
In Figure 5-2 we graph the number of realizations of SU(3) x SU(2) with different
maximum total tadpole contributions (including only configurations composed of B-
and C-branes). As in the SU(3) case, most of these tadpoles are only compatible with
a single extra A-brane with a very negative tadpole in the tail of the distribution.
While the focus of this thesis is not on realistic model building, and is rather on
developing general methods and a systematic understanding of the space of models on
the T 6/Z 2 x Z2 orientifold, it is interesting to push this construction slightly further
in the model-building direction to get further information about the distribution of
models in this framework. To this end, we have considered increasing the gauge group
to SU(3) x SU(2) x U(1); we have also studied the distribution of "quark" generation
numbers in the complete set of SU(3) x SU(2) realizations just described. We briefly
describe these further studies in the remainder of this subsection.
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Figure 5-2: Number of distinct SU(3) x SU(2) configurations of B/C-branes with given maximum
total tadpole. Form of distribution shows most configurations are only possible with addition of an
extra A-brane with a large negative tadpole.
5.3.2 Gauge group SU(3) x SU(2) x U(1)
We have generated all realizations of the larger gauge group G32 1 = SU(3) x SU(2) x
U(1), where the SU(3) x SU(2) brane configurations described above are extended
with one more brane of either A, B, or C-type (i.e., the U(1) does not come solely
from U(3) and/or U(2) groups in which the SU(3), SU(2) are embedded). For the case
when none of the tori are tilted, there are approximately 13.7 million distinct ways of
realizing this larger gauge group. About half of these configurations come from having
a 3-stack of C-branes with a 2-stack of B-branes and a 1-stack of B-branes, along with
1 extra A-brane (we can write this as 3C x 2B x 1B with extra A). The majority of the
other half of the configurations come from an extra A-brane with 3B x IC x 1B (with
SU(2) = Sp(2)), or 3B x 2B x 1A, or 3B x 2B x 1B. As discussed above, the balance
between C-branes and B-branes in the construction depends on the tadpole T, which
in this case is at an intermediate point where the smaller contribution of C-branes
competes well with the larger number of possible B-branes in forming the SU(3)
part of the group. As in the case of SU(3) x SU(2), we graph the maximum total
tadpole from each brane configuration forming SU(3) x SU(2) x U(1). The number
of configurations with a given maximum total tadpole peaks around a tadpole of 100,
indicating that almost all of these configurations depend upon an extra A-brane with
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Figure 5-3: Number of distinct SU(3) x SU(2) x U(1) brane configurations with given maximum
total tadpole. Form of distribution with peak around 100 shows most configurations are only possible
with addition of an extra A-brane with a large negative tadpole.
a highly negative tadpole. Note that the large number of configurations involved gives
the graph in Figure 5-3 a much smoother appearance than the corresponding graphs
for SU(3) or SU(3) x SU(2) depicted in Figures 5-1, 5-2, although the discrete nature
of the constraint problem becomes apparent at larger values of the tadpole.
5.3.3 Tilted tori
We have carried out the computation of the number of distinct allowed brane combi-
nations realizing groups SU(3) x SU(2) and SU(3) x SU(2) x U(1) (again, with an
independent U(1)) for any number of tilted tori from 0 through 3. The number of
configurations for the four cases is given in Table 5.3.
Number Tilted Tori 0 1 2 3
Number 3-2 Configurations 171,655 44, 658 2, 026 40
Number 3-2-1 Configurations 13, 724, 917 2,406, 352 103, 652 1, 222
Table 5.3: Number of 3-2 and 3-2-1 configurations.
As the number of tilted tori is increased, the number of models decreases substan-
tially. As discussed previously, this makes sense since we can effectively treat models
on tilted tori as a subset of models on rectangular tori, where branes with opposite
parity winding numbers on tilted tori must appear even numbers of times.
The dramatic increase in the number of possible configurations when an extra
U(1) brane is included illustrates the rapid combinatorial growth of the total number
of models when additional branes are included. Indeed, typical 3-2-1 configurations
are compatible with 0(10) distinct combinations of extra A-branes. In the enumer-
ation of such configurations, which began with distinct A-brane configurations and
added branes in all ways to realize G321, before we deleted duplicate configurations to
obtain the 13.7 million distinct 3-2-1 configurations, there were 0(108) configurations
including A-brane information.
For any specific realization of G = SU(3) x SU(2), all possible combinations of
extra branes which saturate the tadpole condition could be determined. In principle
this could be done for all models, but it would lead to hundreds of millions, probably
billions of total models, so a fairly extensive computer project would be involved.
Since much of the relevant physics (such as the matter content in the bifundamental
representations of the group G) can be determined just from the construction of G, it
seems more pragmatic to approach any systematic attempt to model building by first
constructing the gauge group of interest, and then isolating the subset of models with
further desired properties. After this, the set of extra branes giving rise to additional
gauge groups and hidden or exotic matter can be systematically determined.
5.3.4 Distribution of generation numbers
In [25, 15], a variety of models were considered and correlations between gauge group
and generation numbers were studied. In general, it was found that there was no
strong correlation between gauge group and generation numbers. We have explicitly
computed the numbers of generations of "quarks" which transform in the fundamental
representation of SU(3) and the antifundamental (which is equivalent to the funda-
mental) representation of SU(2), for the various brane configurations tabulated in
Table 5.3. As discussed in Section 4.1, only when there is at least one tilted torus
can there be an odd intersection number between branes which are not C-branes.
We have analyzed the intersection numbers of all the configurations giving SU(3) x
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Figure 5-4: Distribution of number of "quark" generations for SU(3) x SU(2) con-
figurations with a single tilted torus.
SU(2) in the case of one tilted torus. The sum of intersection numbers I32 + 132', which
gives the number of "quark" generations, is computed for all 46,694 of these config-
urations (using only I32 when the SU(2) comes from a C-brane), and the resulting
distribution is graphed in Figure 5-4.
The number is peaked at 1, and drops off fairly rapidly, with typical generation
numbers of order 0(10). There is no particular enhancement or suppression of 3
generations; 4760, or about 10% of the configurations have 3 generations of "quarks".
Thus, 3 generations seems roughly typical of these models (though note that the 170
thousand configurations with no tilts have even numbers of generations except in a
few cases with C-branes, so in the total set of configurations odd generations are less
frequent).
Almost all (4704) of the 3-generation configurations have SU(3) x SU(2) realized
by 3 B-branes of one kind and 2 B-branes of another kind. An example of one of the
3B x 2B configurations realizing SU(3) x SU(2) with 3 generations of matter in the
bifundamental of the gauge groups is
3 x (0, 9, 1, 0)(,2;1,30,1) + 2 x (0, 13, 0, 1)(1f72;0-1;113) (5.2)
This combination of branes requires at least one A-brane to bring the tadpoles down.
Over a dozen individual A-branes can be combined with (5.2) to reduce all the tad-
poles to below the bound. One example of such an A-brane is
(6, -45, 5, 6)(a,i/2;1,-3;2,-5 )  (5.3)
Just including this A-brane with the branes (5.2) and including 2 C-branes with
nonzero tadpoles P as fillers gives a model with total gauge group (before removing
anomalous U(1) factors) U(3) x U(2) x U(1) x Sp(2). Solving the SUSY equations
(that is, solving (4.4) for integer moduli with the branes (5.2, 5.3) using rhi in place
of mi) shows that the moduli for this model are h = 4, j = 279, k = 26, 1 = 2 (well
outside the range studied in [25]). Typical of such constructions, this model has
additional exotic massless chiral matter fields charged under the SU(3) x SU(2) part
of the gauge group, coming from nonzero intersections between the branes (5.2) and
the other branes in the model. So this is not a realistic model of nature, but provides
an example of one of the many ways that branes can consistently combine to form
models with gauge group containing SU(3) x SU(2) as a subgroup with 3 generations
of "quarks". All of the 4760 configurations with 3 generations are compatible with
at least one A-brane configuration (and generally many) in such a way as to satisfy
the tadpole and SUSY constraints. One might also worry about K-theory constraints
for complete models, but these may be weaker when at least one torus is tilted [29].
We will not say more here about these 4760 realizations of SU(3) x SU(2) with 3
generations of quarks, leaving this to further work. Clearly, however, these models
form a good starting point for a systematic analysis of models with features of the
standard model.
We have focused here on the case of a single tilted torus, where generally the
SU(3) and SU(2) components of the gauge group are both realized by B-branes. It
is also worth considering the situation where the SU(2) comes from a C-brane on
the orientifold plane with Sp(1) gauge group. In this case, the intersection number
132 between the branes forming the SU(3) and the C-brane can be odd even with no
tilted tori. We have found that this intersection number is 3 in 49 distinct cases. Of
these 49, 4 have the SU(3) realized by an A-brane (in each case having a tadpole
> 8 requiring another A-brane to fix tadpoles), and 45 have the SU(3) realized by
a B-brane. One of the simplest examples, where the B-brane is (0, 1, 9, 0)(1,3;3,1;0,-1)
and the C-brane is (0, 0, 0, 1)(o,1;o,-1;1,o) was used in [20, 21, 22] to construct a semi-
realistic 3-generation model. Most of the other examples have much larger tadpoles,
such as realizing the SU(3) by 3 x (0, 2, 39, 0)(1,13;3,2;0,-1), which obviously requires an
additional A-brane with large negative R tadpole.
A more complete analysis would be needed to determine which of the realizations
considered in this subsection can be completed to models with additional branes
saturating the tadpole conditions and also the K-theory constraints. One could in
principle look for further structure reminiscent of the standard model in a straightfor-
ward fashion by including the U(1) and possibly extending the gauge group further
and computing the resulting possibilities for further matter content. We leave this
endeavor to further work.
5.4 Realizations of SU(N) x SU(2) x SU(2)
As a further application of the method, we have constructed all realizations of the
gauge group SU(N) x SU(2) x SU(2) for various values of N. This gives a picture
of how adding additional components to the gauge group increases the number of
constructions including SU(N). Also, the case N = 4 is relevant to construction of
semi-realistic Pati-Salam models as discussed in the following subsection.
The number of realizations of this group for various values of N is plotted in
Figure 6. For example, the number of distinct realizations of SU(4) x SU(2) x
SU(2) is 587,704. Starting with N = 4, the majority of solutions are of the form
NC x 2B x 2B with a hidden A-brane, for reasons similar to those discussed above
for the SU(3) x SU(2) x U(1) models. Starting from N = 8, the U(N) brane has
to be a C-brane (since a stack of 8 or more A-branes would oversaturate two of
the tadpoles, and one or more extra A-branes can only compensate for one of the
excess tadpoles). There is thus a steady reduction in the number of models as N
Number of Configurations
600000
500000
400000
300000
200000 .
100000
0 - , ~ *- * * N
50 100 150 200 250 300
Figure 5-5: Number of distinct brane configurations giving SU(N) x SU(2) x SU(2)
(untilted tori).
increases. The hidden A-brane with the most negative possible tadpole is of the form
(P, Q, R, S) = (-512,8,8,8). Thus at N = 518, there is only one realization, in which
the group SU(518) x SU(2) x SU(2) arises as a subgroup of SU(520) composed of
520 identical C-branes with tadpoles (1, 0, 0, 0). There are no brane constructions
compatible with tadpole constraints for N > 518.
5.5 Comparison with previous results on IBM model-
building
Many authors have constructed models with various features of the standard model
within the framework in which we are working of intersecting branes on the T' / Z 2 X Z2
orientifold. While the emphasis of this thesis is on developing general tools which can
be useful either for model-building or for understanding the distribution of mod-
els in this corner of the landscape, it is useful to make contact with more detailed
model-building results by checking that the specific models found in earlier work
are contained within the larger classes of configurations constructed here. We have
checked that various supersymmetric standard-model-like constructions in the lit-
erature which include SU(3) x SU(2) realizations with 3 generations of quarks are
contained within our list of 4760 such configurations. For example, in [18, 19], Cvetic,
Shiu and Uranga identified a model containing SU(3) x SU(2) and 3 generations of
quarks on the orientifold with one tilted torus using the configuration of B-branes (in
our notation, with the contribution of rh1 to the tadpole doubled)
3 x (1, 0, 1, 0)(1,1?2;1,0;1,-1) + 2 x (1, 0, 0, 3)(1,372;1,-1;1,O) (5.4)
as well as additional branes completing the tadpole condition and giving a "semi-
realistic" spectrum including an additional gauge sector and exotic chiral matter
fields. The intersection numbers between these branes give I32 = 1, 32' = 2 for a
total of 3 generations of "quarks". We have checked that this B-brane configuration
is in our list of 4760 such configurations. The authors of [18, 19] restricted attention
to brane configurations composed completely of B-branes, without any extra A-
branes in the configuration. As discussed above, this severely restricts the range of
possible models. Precisely 10 of the 4760 realizations we found of SU(3) x SU(2)
with 3 generations of quarks can be constructed without A-branes somewhere in
the configuration. Note that the model found in [18, 19] has additional standard-
model like features which may not be realizable by adding branes to all the 4760
SU(3) x SU(2) brane configurations with 3 quark generations. We leave a more
detailed phenomenological analysis of the range of complete models in which these
4760 brane configurations can be embedded to further work.
Another popular approach to constructing semi-realistic IBM models involves find-
ing a brane configuration giving a Pati-Salam SU(4) x SU(2)L x SU(2)R group as
part of the gauge group, with various additional branes completing the tadpole con-
ditions, and giving additional gauge fields and exotic or hidden matter fields. In [20],
a model with 3 generations of matter fields charged under the SU(4) and each of the
SU(2)'s was constructed using the B-C-C brane combination
4 x (9, 1, 0, 0)(1,0;3,1;3,-1) + 1 x (0, 0, 1, 0) + 1 (, 0, 1) . (5.5)
We have confirmed that this configuration appears in our list of over 5 x 105 realiza-
tions of SU(4) x SU(2) x SU(2). As pointed out in [22], this brane configuration can
be realized in a way compatible with SUSY and K-theory constraints in the presence
of the "extra" A-branes
(-24, 2, 3, 4)(-2,-1;3,1;4,1) + (-24, 2, 4, 3)(-2,-1;4,1;3,1) . (5.6)
(The addition of A-branes to this model to fix the tadpoles was also discussed in
[21].)
The use of C-branes in (5.5) makes possible the construction of a 3-generation
model without tilted tori. This can be realized in other ways; for example in [15] a
Pati-Salam model of this type was found where the SU(4) comes from the A-brane
4 x (-3, 3, 1, 1)(3,1;1,1;_1,_1)+ 1 x (0, 0, 1,0) + 1 x (0,0,0, 1) (5.7)
where the extra A-brane (6, -4, 2, 3)(2,1;1,-1;3,-2) fixes the tadpole excess, and further
B- and C-branes can be added to saturate the tadpole conditions while containing
SUSY and satisfying the K-theory constraints. The 4-2-2 configuration in (5.7) also
appears in our complete list of such constructions.
The Pati-Salam models just described use C-branes and rectangular tori to real-
ize the SU(2) parts of the model. In [23], Cvetic Li and Liu performed a systematic
search for Pati-Salam models where the full SU(4) x SU(2) x SU(2) gauge group
arises from U(N)'s on stacks of A- and B-branes, again with 3 generations of mat-
ter in the (4, 2, 1) and (4, 1, 2) representations of the gauge group. This was the
first systematic search of this type which included the possibilities of A-branes and
tilted tori. They found 11 models with the desired properties, including additional
constraints on the extra branes needed to saturate the tadpole condition which as-
sist with moduli stabilization and SUSY breaking. We have checked that the brane
configurations giving SU(4) x SU(2) x SU(2) in all 11 of these models appear in our
comprehensive list.
While a number of these "semi-realistic" intersecting brane model constructions
which have been analyzed in the literature share many features of the observed stan-
dard model of particle physics, all models constructed in this fashion so far also have
some unrealistic physical properties. These models generally have exotic massless
chiral fermions charged under the standard model gauge group, associated with non-
vanishing intersection numbers between the branes forming the standard model gauge
group and extra branes which complete the tadpole conditions. Furthermore, while
some progress has been made towards incorporating fluxes to stabilize moduli (see for
example [22, 38, 37]), the intersecting brane constructions have unstabilized moduli
appearing as massless scalar fields. A more complete phenomenological model would
need to reproduce the standard model spectrum more precisely, as well as stabilize
moduli and give a complete picture of supersymmetry breaking (a review of recent de-
velopments in using nonperturbative instanton effects to resolve these issues is given
in [14]). We also know that the ingredients used in the type IIA orientifold inter-
secting brane models cannot in principle give a realistic cosmological scenario with
many e-foldings of inflation [39]. Thus, the models constructed in this fashion should
be viewed at this point as prototypes of string constructions of observable physics,
which have some desired features and may display interesting characteristics common
to more precisely tuned models. The methods we have developed in this thesis can be
used to isolate sets of IBM models which have particular physical features, which may
be useful in further model-building studies. These methods should also be applicable
in a wider range of compactifications, such as magnetized brane constructions on a
smooth Calabi-Yau where a much larger range of constructions should be possible,
and therefore more detailed features of observed physics should be realizable.
5.6 Other toroidal orbifolds
In this thesis we are focused on the T 6 /Z 2 x Z2 orientifold. A number of other toroidal
orbifolds have been considered in the literature [8]. The T 6/Z 2 x Z2 orbifold has a
much richer structure than many other toroidal orbifolds, in part because the moduli
are not completely fixed by the orbifold quotient. In many other cases, the quotient
fixes the moduli and dramatically reduces the range of possible models. Nonetheless,
other models have some interesting features. For example, the T 6/Z 4 X Z2 orientifold
has been used to study SU(5) GUT models [40]. Although in principle the methods
of this thesis could be used to study the range of models available in other orbifold
constructions, in most cases the analysis is much simpler due to the absence of free
moduli, and there are generally far fewer distinct constructions of physical properties
of interest. Recently, Gmeiner and Honecker carried out a complete analysis of models
on the T 6/Z' orientifold [41]. They found a large total number of models, of order
1023, which they analyzed statistically. The exponentially large number of models in
this case comes from the large combinatorial number of ways in which a relatively
small number of distinct branes can be combined to saturate the tadpole conditions,
along with an exponential enhancement from exceptional cycles beyond those on the
bulk torus. We describe in the next section how a similar effect to the first of these
points affects the distribution of complete models for the T'/Z2 x Z2 orientifold we
are studying here at small integer moduli. It seems that in the T 6/Z', model, while
there are many total models, the number of distinct constructions of a particular
structure such as the standard model gauge group G 123 = SU(3) x SU(2) x U(1)
is much smaller than in the T 6/Z 2 X Z2 case, even though the number of ways in
which "extra" branes can be added to realize a complete model containing any given
realization of G123 is large. To understand where the diversity in constructions can
be found for the T 6/Z 2 x Z2 orientifold, it is helpful to compare our results to the
analysis of Gmeiner et al. in [25], to which we now turn.
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Diversity in the "tail" of the IBM
distribution
In [25], Gmeiner, Blumenhagen, Honecker, Liist, and Weigand undertook an ambi-
tious computational effort to scan over all complete solutions to the tadpole, SUSY,
and K-theory constraints. Their approach was to scan over the integer moduli 4-vector
U = (h, j, k, 1). For each set of moduli, they computed the complete set of possible
brane combinations compatible with all constraints. Their analysis proceeded up to
moduli with norm IUI = 12. Their algorithm became exponentially difficult as IUI
increased, but the number of solutions seemed to be decreasing for larger |U|, so
the numerical evidence indicated that they had scanned the majority of all possible
solutions, with a small fraction remaining in the tail of the distribution at larger IUI.
At first sight, the results of this numerical analysis seem rather at odds with
the conclusions we have reached in this thesis, which are that the vast majority of
distinct realizations of specific gauge groups like G321 = SU(3) x SU(2) x U(1) occur
in combination with A-branes with large negative tadpoles, which are associated with
large integer moduli. To verify that most of the configurations we have found occur
at large moduli, we plot in figure 6 the distribution of the maximum integer modulus
of a subset of the configurations we found that contain G 321. The subset for which
the moduli are computed and plotted consists of those configurations in which the
moduli are uniquely determined either from the realization of G321, or by the branes
realizing G321 in combination with all possible A-brane combinations which lead to
undersaturation of the tadpole conditions. In the latter case, we use the minimum
across all compatible extra A-brane combinations of the maximum modulus. This
subset with fixed moduli represents 97% of the 13.7 million distinct realizations of
G321. The remaining brane configurations realizing G321, not included in the plot,
either do not fix the moduli at all, or require additional branes to fix the moduli for
some compatible A-brane combinations.
The results shown in the plots in Figure 6 give definitive confirmation of the story
described above. Most realizations of G321 arise from brane configurations which fix
the moduli in the range 500 < U I < 20, 000. Less than one half of 1% of the distinct
realizations of G321 which fix the moduli appear in the range IUI < 12 scanned in
[25].
How then can these results be compatible? Part of the resolution of this discrep-
ancy comes from the realization that while the number of models at fixed moduli
decreases fairly rapidly for small moduli, the tail of this distribution is extremely
long. In Figure 6, for example, we see that while there are certainly more brane
combinations realizing the gauge group G321 for moduli below 500 than in any other
region of comparable size in the parameter space of maximum modulus, roughly 90%
of the configurations with this gauge group have at least one modulus > 500.
Another part of the resolution of the discrepancy arises from the distinct nature
of the questions asked in performing these two analyses. In Gmeiner et al.'s work,
they were scanning over all possible brane configurations which completely saturate
the tadpole constraints. Thus, at any particular value of the moduli they include all
models, which for small moduli can contain a very large number of combinations of
a relatively small number of distinct branes. Even if the number of combinatorial
possibilities is large at small moduli, the number of distinct realizations of any par-
ticular gauge subgroup may be relatively small. On the other hand, in our analysis
we are simply looking for distinct realizations of a gauge subgroup G, not necessarily
counting the number of ways in which extra branes can be added to the branes form-
ing G to form a complete model. The number of distinct realizations of G at small
moduli can be relatively small, since there can be an exponentially large number of
ways of completing G to a complete model. Furthermore, for more complex groups
like G321 there may be fewer moduli at which such groups can be realized by any
brane combination.
To check this explanation, we have considered several examples of small moduli
and large moduli, and determined the total numbers of models consistent with those
moduli and the tadpole and SUSY constraints. (We did not explicitly check the K-
theory constraints, but expect that they should only modify the results by a constant
factor). We found that indeed for small moduli, there can be many distinct solutions
to the constraints. For example, for the integer moduli (h, j, k, 1) = (1, 2, 3, 4) there
are 39,871 models coming from brane configurations which satisfy SUSY constraints
and saturate the tadpole conditions. For such small moduli, however, generally there
are few, if any, distinct realizations of any particular group G, such as G321. Those
realizations of G which appear at small moduli may be consistent with many possible
completions to total models through addition of different types of extra branes, but
these represent a small fraction of the total number of realizations of G. At large
moduli, on the other hand, generically there are few if any consistent models, with or
without any particular gauge subgroup G. For example, for the moduli (h, j, k, 1) =
(35, 63, 1, 3455) there are only 37 models in total, but one of these does contain G321.
A clear example of the dichotomy between total number of models and numbers
of distinct realizations of G is given by the simplest case, G = U(1). At moduli
(h, j, k, 1) = (1, 2, 3, 4), there are 46 distinct branes which combine to form the 39,871
total models found there, while at moduli (h, j, k, 1) = (35, 63, 1, 3455), there are 14
distinct branes forming the 37 total models. Thus, while the number of total models
is dramatically reduced at higher moduli, the number of distinct brane configurations
realizing G does not decrease at the same rate.
Thus, while at first glance it seems that there is some apparent contradiction
between the results of our analysis and those of Gmeiner et al. in [25], in fact these
results are completely compatible. The reconciliation of these different analyses lies
in the recognition that the distribution of models has a very long tail, and that the
greatest diversity of distinct realizations of specific gauge groups or matter content
lies in the tail of the distribution, at large moduli.
Other large regions of the landscape which have been studied from a statistical
point of view include Gepner models [42] and heterotic constructions [43]. It would
be nice to have some general lessons which are applicable to diverse sets of vacua, and
the lessons learned here may have interesting ramifications for study of other patches
in the landscape. From a model-building point of view, it is clearly important to
understand what structure is needed to realize the greatest diversity of possible low-
energy theories. From a general landscape point of view, it is important to understand
how to characterize the range of low-energy physics which can be realized in a given
string construction. And from the point of view of extracting general lessons from
string compactifications relevant for heuristic predictions about physics beyond the
standard model, the notion that the widest range of low-energy physics theories may
arise in regions where there are fewer possible extensions to observable physics may
have some bearing on our thinking about how string theory relates to physics which
will hopefully be observed beyond the standard model. For example, it may be that
in the tail of the landscape distribution, extra massive U(1) factors are not quite as
ubiquitous as in the bulk of the distribution. Depending on how finely tuned our
physics must be, this might decrease our expectation of seeing massive Z"s at the
LHC. Or it might not. It would be rather premature to take seriously any such
speculation based on our current extremely limited understanding of the nature of
the full string landscape.
Number of Configurations
10000
8000 *.'t .
6000 '.
4000
2000
1000
Max Modulus
2000 3000 4000 5000
Fraction of Configurations
Ir
Max Modulus
2000 4000 6000 8000 10000
Figure 6-1: The upper plot shows the distribution of the number of brane configu-
rations realizing gauge group G321 as a function of the maximum modulus. On the
lower plot the x-axis is the maximum modulus and the y-axis is the fraction of models
with G321 that have all moduli smaller than x. These plots demonstrate that most of
the models with G321 have very large integer moduli compared to the range scanned
in [25].
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Conclusions
In this thesis we have developed a systematic approach to constructing all intersecting
brane models on a particular toroidal orientifold. The key technical result is the de-
termination of all allowed combinations of branes with negative tadpole contributions,
using bounds on winding numbers of these branes arising from the tadpole constraints
and SUSY conditions. Given these combinations of "A-branes", the construction of
models with any desired specific features amounts computationally to a straightfor-
ward combinatorial problem of polynomial complexity, since all other branes besides
the A-branes must have positive tadpole contributions, and all tadpoles have a fixed
bound.
The methods developed here should generalize to other classes of models. For
some models, such as other toroidal orientifolds [8], and magnetized brane models on
K3 [45], there are no branes with negative tadpole contributions, so the problem of
classifying solutions is simpler. For more general models, however, such as magnetized
brane models on general Calabi-Yau manifolds, we expect an analogue of A-branes
[15], with some negative tadpole contributions. For such models, the methods de-
veloped here may prove useful in gaining mathematical and computational control
over the range of low-energy theories accessible through various brane constructions.
Furthermore, the form of the mathematical problem addressed in this thesis is very
similar to other classes of compactification problems, such as flux compactifications,
where a total tadpole constraint and SUSY conditions must be solved to determine
the range of allowed constructions. It may be that some general methods may be
useful in addressing all of these types of vacuum classification problems.
More concretely, the analysis of this thesis has given us a clear picture of the
overall structure of the space of supersymmetric intersecting brane models on this
particular toroidal orientifold. The computation of all combinations of branes with
negative tadpoles makes possible a straightforward enumeration of all brane con-
figurations compatible with SUSY which realize any desired gauge group and/or
matter content. We have explicitly enumerated ways in which the gauge groups
U(N), SU(N) x SU(2) x SU(2), SU(3) x SU(2), and SU(3) x SU(2) x U(1) can
be realized. We found that the great majority of these gauge group realizations are
associated with an extra A-brane with a large negative tadpole which enables large
winding numbers for the branes composing the gauge group in question, and conse-
quent large integer moduli. Thus, we have demonstrated that the greatest diversity
in realizations of any given gauge group and matter structure occurs in the "tail" of
the distribution of models. This tail is characterized by large integer moduli, well
outside the range encompassed by the systematic scan of [25], and by one, or some-
times several D-branes of type A with a very negative tadpole. In this tail, at fixed
moduli, the number of ways in which a given realization of a small gauge group can
be completed to form the total gauge group is much smaller than in the "bulk" of
the distribution at small moduli, where there are many possible configurations of ex-
tra brane sectors, which could be hidden or, more usually, include additional chiral
matter fields charged under the desired gauge group. Nonetheless, the vast majority
of distinct realizations of any given small gauge group occur in the tail of the distri-
bution, at large moduli. It is difficult to make concrete statements about the larger
string landscape based on this one sample, but it seems plausible that this feature
of "diversity in the tail" of the distribution may be valid in more general classes of
compactifications. If so, this might give some insight both into efficient strategies for
realistic model-building, and into the expected range of additional gauge group and
matter content (such as the number of Z"s) which may arise naturally from string
theory in generic extensions of the standard model.
Another general lesson of the results in this thesis is that what appear to be
"typical" features of a model depend strongly on the prior assumptions made about
the structure of the model. If several assumptions are made, each associated with a
cut on the data, then depending on the form of these assumptions, conclusions may
depend upon the order in which the cuts are made. For example, if one first makes the
assumption that one is interested in a "typical" model in the space of all consistent
intersecting brane models on the T'/Z2 X Z2 orientifold, and therefore restricts to
models with small moduli, and second makes the assumption that the gauge group
contains G321 = SU(3) x SU(2) x U(1), then one reaches a much more restrictive
set of possible models then if one first makes the assumption that the gauge group
contains G321, and then looks for typical features among the 16 million or so distinct
realizations of G321. In particular, as the analysis of this thesis shows, the order of
cuts in this case impacts the number of possible "hidden sectors" which can complete
the model with gauge group G321 to form a complete and consistent intersecting
brane model satisfying the tadpole and supersymmetry constraints. This lesson may
be useful to keep in mind in other contexts involving analysis of regions of the string
landscape.
In this thesis we have developed a thorough understanding of intersecting brane
models on T 6/Z 2 x Z2. With what we have found, one can proceed to construct all
models with the standard model gauge group and 3 generations. This is a step in the
model building direction that could teach us more about string theory and bring us
closer to making contact with the standard model of particle physics.
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Appendix
In this Appendix we show there are no A-brane configurations with 4 different neg-
ative tadpoles ([p, q, r, s]) when the tadpole constraint has T = 8. We use the no-
tation introduced in Section 4.2 and recall that the branes can be arranged so that
the p branes with the negative P tadpole are first in the configuration, followed by
the q branes with a negative Q tadpole, then r branes with a negative R, and fi-
nally s branes with a negative S. Additionally, within these groupings the negative
tadpoles are ordered in increasing order of their absolute value. We write all tadp-
bole numbers as the aboslute value of the tadpole contribution and explicity insert
the minus sign. So, for instance we have that P1 < P2 < ... < Pp and and sim-
ilarly for Q, R, and S tadpoles. Furthermore, for convenience of notation, we let
a = p, b = p + q, c = p + q + r, d = p + q + r + s and without loss of generality,
p>q>r>s.
Let us look at branes b, c, and d. Since there are p + r + s - 2 branes other than
branes c and d with a tadpole other than Q that is negative, and since Qb is the
largest of the negative Q tadpoles, the tadpole constraint gives
Qc + Qd < 8 + qQb - (p + r + s - 2). (A.1)
Using the identity 1 + 1 > 4 for x, y > 1 we have thatU y - y +Y
1 1
+ -- >Qc Qd - 10 +qQb - (p + r + s)
Looking at branes a, b, c, d and using the tadpole constraint
Qa + Qc + Qd < 8 + qQb - (p + + s - 3)
we similarly get
1 1 1 9
++ - >
a Q Qd - 11 +qQb - (p + + +s)
The analagous relation for the P's gives
1 1 1
Pb Pc Pd
(A.5)
11+ pPa - (q + s)
Recalling 4.21 which implies p + q < 7, combined with the assumption p > q >
r > s, gives
p+r+s< 10. (A.6)
We are now going to show there are no solutions for the following three cases:
a) p< q +r+s-2
b) q<p+r+s-6
c) q=r=s= 1
a) Using Pa > 1 combined with the assumption p < q + r+s-2 we get (9 -p)Pa >
11 - (q + r + s). Rearranging gives 9Pa > 11 - (q + r + s) + pPa. Using (A.6) along
with p > q shows us that 11 - (q + r + s) > 0. Therefore the right side of (A.5) is
greater than or equal to 1/Pa,
9 9 1
11 + pPa - (q + r + s) - 9Pa Pa
(A.7)
So using (A.5) we see that the sum of the inverses of the Ps for branes a, b, c and
(A.2)
(A.3)
(A.4)
d is greater than or equal to 0
1 1 1 1
+ + -+ - . (A.8)
Pa Pb Pc Pd
Analogous arguments show that the sum of the inverses of the Q's for these 4
branes is greater than or equal to 0, as is the sum of the inverses of the R's and S's.
If we now add the SUSY equations (4.6) for branes a, b, c and d, the right side is 0
while the left side is greater than or equal to 0. For there to be equality, (A.8) and
(A.7) must be equalities, requiring (9 - p)Pa = 11 - (q + r + s). This means Pa = 1
and p + 2 = q + r + s, implying that r = s = 1. The analogous equations to (A.8) for
the Q's, R's and S's must also be equalities and thus Pa = Qb = = Sd = 1 and
p = q = r = s = 1. The SUSY and tadpole constraints prevent this from occuring.
Hence, there are no solutions.
b) Using Qb > 1 combined with (A.6) we get for the right side of (A.2)
4 4 1>4 - (A.9)10+qQb-(p+r+s) 
- 10+q-(p+r+s)Qb
By assumption 10 + q - (p + r + s) < 4. Thus with use of (A.2) we get
1 1 1
-- 
+  + 
-- 
> 0. (A.10)
Qb Qc Qd
Similarly the sum of the inverses of the R's and S's from branes b, c, and d are
greater than or equal to 0. Adding the SUSY equations (4.6) from branes b, c and d
we see there are no solutions.
1 1 1 1c) We begin with the case of [2, 1, 1, 1]. Using (A.4) we see that +  +Q4 >
0. Similarly the sum of the inverses of the R's and S's for the last 4 branes is greater
than 0. Upon adding the SUSY equations for these four branes we see that we must
have -- + - + + - < 0. Applying (A.5) this means 11+2-3 < Rearanging
P2 P3 4 P5 P2
shows P2 < 8/7. Combined with the assumption that P1 < P2 gives P1 = P2 = 1.
From (A.2) we get 1 + 4 1 Similarly, - 4 and > 4 1 NowQ4 Q5 - 7 Q3 S 4 -7S 5 R3 R 5 - 7 R4
adding the SUSY equations for the last three branes we find that
1 1 1 3
P3 P4 P5 -7
j k ~I
Q3 4 S (A.11)
Using similar arguments as those used to derive (A.4) we get
1 1
01 Q2
1 1
+ - >
&4 Q5 -
11 1
6 Qa
Note that equality for this equation occurs at, for example, Q1 = 3 and Q2 = Q4 =
Q5 = 2. The analagous equations hold for the R's and S's. Now we add the SUSY
equations for all 5 branes and remember that P1 = P2 = 1. This gives
1 1
P3 P4
k I
R4 S5 (A.12)
Combining the two inequalities (A.11) and (A.12), we find that - + + _ 36.
Subject to the tadpole condition P3 + P4 + P5 < 10, this has no solutions.
For p = 3 and p = 4 we can use an analogous argument to the one above. For
p 5 we notice that- + 1 + > 0 and similarly for the Rs and Ss. Adding
the SUSY equations for the last 3 branes, we see that there can be no solutions.
There are only 5 remaining cases not included in a - c. They are [3,2, 1, 1],
[4, 2,1,1], [5,2,1,1], [4,3, 1, 1], and [4,2,2, 1]. Using (A.4) and (A.5) in analogous
way as before, for all of them we find Pa = 1. Use of FWNB (4.13) and TCSB (4.17)
imposes tight constraints on the other tadpoles, allowing for a systematic search which
reveals there are no solutions in any of these cases.
1 5 j
+ ) > 5 +P5 6 Q3
Bibliography
[1] S. Weinberg, "Anthropic Bound on the Cosmological Constant," Phys. Rev.
Lett. 59, (1987).
[2] M. R. Douglas and S. Kachru, "Flux compactification," Rev. Mod. Phys. 79,
(2007).
[3] L. Susskind, "The Anthropic Landscape of String Theory" hep-th/0302219v1.
[4] R. Bousso and J. Polchinski, "Quantization of four form fluxes and dynamical neu-
tralization of the cosmological constant," JHEP 0006, (2000) hep-th/0004134.
[5] S. Kachru, R. Kallosh, A. Linde, S.P. Trivedi, "de Sitter Vacua in String Theory,"
Phys. Rev. D. , (2003) hep-th/0301240v2.
[6] A. Linde, "Eternal Chaotic Inflation," Mod. Phys. Lett. A1:81, (1986).
[7] M. R. Douglas, "Basic results in vacuum statistics," hep-th/0409207.
[8] R. Blumenhagen, L. Gorlich and B. Kors, "Supersymmetric orientifolds in 6D with
D-branes at angles," Nucl. Phys. B 569, 209 (2000) arXiv:hep-th/9908130.
R. Blumenhagen, L. Gorlich and B. Kors, "Supersymmetric 4D orientifolds of type
IIA with D6-branes at angles," JHEP 0001, 040 (2000) arXiv:hep-th/9912204.
R. Blumenhagen, L. Gorlich and B. Kors, "A new class of supersymmetric orien-
tifolds with D-branes at angles," arXiv:hep-th/0002146.
G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, "Intersect-
ing brane worlds," JHEP 0102, 047 (2001) arXiv:hep-ph/0011132.
[9] A. M. Uranga, "Chiral four-dimensional string compactifications with intersecting
D-branes," Class. Quant. Gray. 20, S373 (2003) arXiv:hep-th/0301032.
[10] E. Kiritsis, "D-branes in standard model building, gravity and cosmology,"
Fortsch. Phys. 52, 200 (2004) [Phys. Rept. 421, 105 (2005 ERRAT,429,121-
122.2006)] arXiv :hep-th/0310001.
[11] R. Blumenhagen, M. Cvetic, P. Langacker and G. Shiu, "Toward realis-
tic intersecting D-brane models," Ann. Rev. Nucl. Part. Sci. 55, 71 (2005)
arXiv:hep-th/0502005.
[12] R. Blumenhagen, B. Kors, D. Lust and S. Stieberger, "Four-dimensional String
Compactifications with D-Branes, Orientifolds and Fluxes," Phys. Rept. 445, 1
(2007) arXiv:hep-th/0610327.
[13] F. Marchesano, "Progress in D-brane model building," Fortsch. Phys. 55, 491
(2007) arXiv:hep-th/0702094.
[14] R. Blumenhagen, M. Cvetic, S. Kachru and T. Weigand, "D-brane Instantons in
Type II String Theory," arXiv:0902.3251 [hep-th].
[15] M. R. Douglas and W. Taylor, "The landscape of intersecting brane models,"
JHEP 0701, 031 (2007) arXiv:hep-th/0606109.
[16] S. Forste, G. Honecker and R. Schreyer, "Supersymmetric Z(N) x Z(M) orien-
tifolds in 4D with D-branes at angles," Nucl. Phys. B 593, 127 (2001) [arXiv:hep-
th/0008250].
[17] V. Rosenhaus and W. Taylor, "Diversity in the Tail of the Intersecting Brane
Landscape", in preperation.
[18] M. Cvetic, G. Shiu and A. M. Uranga, "Three-family supersymmetric standard
like models from intersecting brane worlds," Phys. Rev. Lett. 87, 201801 (2001)
[arXiv:hep-th/0107143].
[19] M. Cvetic, G. Shiu and A. M. Uranga, "Chiral four-dimensional N = 1 super-
symmetric type IIA orientifolds from intersecting D6-branes," Nucl. Phys. B 615,
3 (2001) hep-th/0107166.
[20] D. Cremades, L. E. Ibanez and F. Marchesano, "Yukawa couplings in intersecting
D-brane models," JHEP 0307, 038 (2003) hep-th/0302105.
[21] M. Cvetic, P. Langacker, T. j. Li and T. Liu, "D6-brane splitting on type IIA
orientifolds," Nucl. Phys. B 709, 241 (2005) hep-th/0407178.
[22] F. Marchesano and G. Shiu, "MSSM vacua from flux compactifications," Phys.
Rev. D 71, 011701 (2005) hep-th/0408059.
[23] M. Cvetic, T. Li and T. Liu, "Supersymmetric Pati-Salam models from inter-
secting D6-branes: A road to the standard model," Nucl. Phys. B 698, 163 (2004)
hep-th/0403061.
[24] R. Blumenhagen, F. Gmeiner, G. Honecker, D. Lust and T. Weigand, "The
Statistics of Supersymmetric D-brane Models," hep-th/0411173.
100
[25] F. Gmeiner, R. Blumenhagen, G. Honecker, D. Lust and T. Weigand, "One in a
billion: MSSM-like D-brane statistics," JHEP 0601, 004 (2006) hep-th/0510170.
[26] J. Polchinski, String Theory Cambridge University Press,Cambridge, 1998.
[27] R. Szabo, BUSSTEPP Lectures on String Theory hep-th/0207142.
[28] B. Zwiebach, A First Course in String Theory Cambridge University
Press, Cambridge, 2005.
[29] F. G. Marchesano Buznego, "Intersecting D-brane models," (Ph.D. thesis),
arXiv:hep-th/0307252.
[30] M. Cvetic and I. Papadimitriou, "More Supersymmetric Standard-like Models
from Intersecting D6-branes on Type IIA Orientifolds," Phys. Rev. D67 126006
(2003) hep-th/0303197v1.
[31] M. Berkooz, M. R. Douglas and R. G. Leigh, "Branes intersecting at angles,"
Nucl. Phys. B 480, 265 (1996) hep-th/9606139.
[32] A. M. Uranga, "D-brane probes, RR tadpole cancellation and K-theory charge,"
Nucl. Phys. B 598, 225 (2001) hep-th/0011048.
[33] K. R. Dienes and M. Lennek, "Fighting the floating correlations: Expectations
and complications in extracting statistical correlations from the string theory land-
scape," Phys. Rev. D 75, 026008 (2007) [arXiv:hep-th/0610319.
[34] G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, "D = 4
chiral string compactifications from intersecting branes," J. Math. Phys. 42, 3103
(2001) arXiv:hep-th/0011073.
[35] L. E. Ibanez, F. Marchesano and R. Rabadan, "Getting just the standard model
at intersecting branes," JHEP 0111, 002 (2001) hep-th/0105155.
[36] M. Cvetic, I. Papadimitriou and G. Shiu, "Supersymmetric three family SU(5)
grand unified models from type IIA orientifolds with intersecting D6-branes,"
Nucl. Phys. B 659, 193 (2003) [Erratum-ibid. B 696, 298 (2004)] [arXiv:hep-
th/0212177].
[37] J. Kumar and J. D. Wells, "Landscape cartography: A coarse survey of gauge
group rank and stabilization of the proton," hep-th/0409218.
J. Kumar and J. D. Wells, "Surveying standard model flux vacua on T**6/Z(2)
x Z(2)," JHEP 0509, 067 (2005) hep-th/0506252.
[38] M. Cvetic, T. Li and T. Liu, "Standard-like Models as Type IIB Flux Vacua,"
Phys. Rev. D 71, 106008 (2005) arXiv:hep-th/0501041.
[39] M. P. Hertzberg, S. Kachru, W. Taylor and M. Tegmark, "Inflationary Con-
straints on Type IIA String Theory," JHEP 0712, 095 (2007) arXiv:0711.2512
[hep-th].
101
[40] M. Cvetic and P. Langacker, "New grand unified models with intersecting D6-
branes, neutrino masses, and flipped SU(5)," Nucl. Phys. B 776, 118 (2007)
arXiv:hep-th/0607238.
[41] F. Gmeiner and G. Honecker, "Mapping an Island in the Landscape," JHEP
0709, 128 (2007) arXiv:0708.2285 [hep-th].
F. Gmeiner and G. Honecker, "Millions of Standard Models on Z6-prime?," JHEP
0807, 052 (2008) arXiv:0806.3039 [hep-th].
[42] T. P. T. Dijkstra, L. R. Huiszoon and A. N. Schellekens, "Supersymmetric
standard model spectra from RCFT orientifolds," Nucl. Phys. B 710, 3 (2005)
hep-th/0411129.
[43] K. R. Dienes, "Statistics on the heterotic landscape: Gauge groups and cosmo-
logical constants of four-dimensional heterotic strings," Phys. Rev. D 73, 106010
(2006) hep-th/0602286.
[44] M. R. Douglas and S. Kcahru, "Flux compactification," Rev. Mod. Phys. 79,
(2007).
[45] V. Kumar and W. Taylor, "Freedom and Constraints in the K3 Landscape,"
arXiv:0903.0386 [hep-th].
[46] S. Ashok and M. R. Douglas, "Counting Flux Vacua," JHEP 0401 (2004) 060
hep-th/030704.
[47] F. Denef and M. R. Douglas, "Distributions of flux vacua," JHEP 0405, 072
(2004) hep-th/0404116.
[48] M. R. Douglas, The statistics of string/M theory vacua. JHEP 0305 (2003) 046
hep-th/0303194
[49] F. Marchesano and G. Shiu, "Building MSSM flux vacua," JHEP 0411, 041
(2004) hep-th/0409132.
102
